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Abstract. We construct good degenerations of Quot-schemes and coherent 
systems using the stack of expanded degenerations. We show that these good 
degenerations are separated and proper DM stacks of finite type. Applying to 
the projective threefolds, we derive degeneration formulas for DT-invariants of 
ideal sheaves and PT stable pair invariants. 



1. Introduction 

Good degenerations are a class of degenerations suitable to study the geometry of 
moduli spaces via degenerations. Successful applications include the degeneration 
formula of Gromov-Witten invariants [LiOl, Li02]. In this paper, we will construct 
the good degenerations of Hilbert schemes, of Grothendieck's Quot-schemes, and of 
the moduli of coherent systems introduced by Le Potier [LP93]. As applications, we 
obtain the degeneration formulas of Donaldson-Thomas invariants of ideal sheaves, 
and of invariants of PT stable pairs of threefolds. 

The degenerations we study in this paper are simple degenerations tt : X — > C 
over pointed smooth curves € C. 

Definition 1.1. We say n : X ^ C is a simple degeneration if 

(1) X is smooth, tt is projective, n has smooth fiber over c ^ G C; 

(2) the central fiber Xq has normal crossing singularity and the singular locus 
D of Xq is smooth; 

(3) let Y be the normalization of Xq and D — YxxoDcY, then D ^ D is 
isomorphic to a union of two copies of D. 

We denote the two copies of l) — s> D by and Z)+. We call (Y, D±) the relative 
pair associated with Xq. 

We fix a relatively ample line bundle H on X/C, and a polynomial P{v); we form 
the Hilbert scheme Hilbj^ of closed subschemes Z C Xc with Hilbert polynomial 
Xq {v) := xi^z ^ iJ®") — P{v). We will use the technique developed by the first 
named author in [LiOl] to find a good degeneration of the relative Hilbert scheme 
(denoting X* ^ X - Xq and C* ^ C ~ 0) 



Hilb^./t;. = H Hilb 



p 



To fill in the central fiber of this family over G C, we consider closed subschemes 
in X[n]o that are normal to the singular loci of X[n]o; where ^[tt-Jq is by inserting 
a chain of n-copies of the ruled variety (over D) 
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to D in Xo, {X[n\o is constructed in the next section.) and normal to the singular 
loci means that it is flat along the normal direction to the singular loci of X[n]o. 
The central fiber of the good degeneration has set-theoretic description 



Z C X[n]o 



n > 0, Z is normal to the singular loci 
of X[n]o, Aut3e(2-) is finite, XoJ^^) = ^(^')- 

Here the equivalence and the automorphism group are defined in the next section. 

In case D is irreducible, it has a simple description: two closed subschemes Zi, Z2 C 
X[n]o are equivalent if there is an isomorphism a : X[n]o X[n]o preserving 
the projections X[n]o — > -^0 such that cr(Zi) = Z2. The self-equivalences of a 
Z C ^[n]o form a group, which we denote by AutxiZ). We call Z stable if Autx(Z) 
is finite. Finally, Xoz(^) = xi^z (^P* H^""), where p : X[n]o — >■ Xq is the projection 
by contracting the fibers of A. 

Constructing the stack structure of this set-theoretic description of the central 
fiber, and fitting it into the family Hilb^. y^;. , is achieved by working with the stack 
X — )• £ of expanded degenerations. Using 3i ^ we prove that the set-theoretic 
description of good degeneration is a Deligne-Mumford stack. The first part of this 
paper is devoted to prove 

Theorem 1.2. Let it : X ^ C be a simple degeneration, H be relative ample 
on X ^ C, and P be a polynomial. Then the good degeneration described is a 
Deligne-Mumford stack proper and separated over C; it is of finite type. 

Similar results hold for good degenerations of Grothendieck's Quot-schemes and 

of coherent systems of Lc Potier. 

The primary goal to construct such a good degeneration is to derive a degen- 
eration formula of Donaldson-Thomas invariants and PT stable pair invariants of 

thrcefolds. For simplicity, we only state the degeneration formula in case Y is a 
union of two irreducible complements F = y_ U 1+, and D is connected. We let 
D± = Y±n D. 

Let Ap' be the set of splittings 5 = {5±,5o) of P, (i.e. 5+ + 5- — Sq = P.) For 
each S e Ap', we construct the moduli stack ^^^/"^i '^^ relative ideal sheaves of 
{Y±, D±). This moduli space is constructed using the stack S)± C 2)± of expanded 
pairs of D± c Y±. Closed points of this moduli space consists of ideal sheaves 3z 
of Y±[n±] relative to D±, meaning that Z is normal to the singular loci of l±[n±] 
and to D±. This moduli space is also a proper and separated Deligne-Mumford 
stack of finite type. Furthermore, we have a natural morphisms 

ev±:3g=/;^,^Hilbg, 

to the Hilbert scheme of ideal sheaves on D of Hilbert polynomial So, defined via 

restricting ideal sheaves on F±[n±] to its relative divisor D±. 
Using the evaluation morphisms, we form the fiber product 

^ -^ig-Zao ^HiibS" ^2)+/ao- 

Each ^xl/cl is a closed substack of J^yg, and is indeed a "virtual" Cartier divisor. 

Theorem 1.3. Let n : X ^ C be a simple degeneration of projective threefolds 
such that Xq = y_ U F+ is a union of two smooth irreducible components. Let 
P^/cl^"^ G A*D'^yg- be the virtual class of the good degeneration, and let A be 
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the diagonal morphism Hilb^ ^ Hilb^ x Hilb^. Then rA'^^/^.Y" = PxJ" for 
c^O € C, and 

(1.1) i\,p^/^r = E ^'ii^kXr X pfc%j^'0- 

5eA=/' 

Using the Chern characters of the universal ideal sheaves, we also obtain the nu- 
merical version of the Donaldson-Thomas invariant and its degeneration, first intro- 
duced in the work of Maulik, Nekrasov, Okounkov and Pandharipande [MNOP06]. 
For a smooth projective threefold X and a polynomial P{v) = d ■ v + n, we let 3^ 
(= HilbJ canonically) be the moduli of ideal sheaves of curves 3z C Ox with Hilbert 
polynomial P; and let Oz C 0xx3^ be its universal family. For any 7 € H\X,Ij), 
we define 

via 

chfc+2(7)(e) = 7r2*(chfc+2(32) • 7ri*(7) n7r2*(6), 
where tti and ^2 are the first and second projection of X x 3^. The Donaldson- 
Thomas invariants (in short DT-invariants) with descendent insertions are the de- 
gree of the following cycle class 

l[rM)l = f n(-l)'='+^ch,.+2(7i) • PxT 
1=1 1=1 

where 7^ arc cohomology classes of pure degree and [-Jo is taking the dimension 
zero part of the term inside the bracket. The partition function is 

Zd (x; q\ n ffe, (7i)) = E ^^^{ll ^'^^ (^i))^^"?"- 

^ 1=1 ' n6Z i=l 

The commonly used form of DT-invariants as introduced in [MNOP06], uses 
the moduli In{X,l3) of ideal sheaves of subschemes Z c X with fixed curve class 
/3 = [Z] . In this paper we package the DT-invariant using the moduli 3x of ideal 
sheaves with fixed Hilbert polynomial. This enables use to avoid the technical issue 
of decomposing curve classes during degenerations. In explicit application, one 
should be able to derive the general case after analyzing this issue in details. 

Next, we let /3i, • • ■ , /3m be a basis of H*{D, Q). Let {C,,}|,,j=fe be a Nakajima 
basis of the cohomology of Hilb^ (where 77 is a cohomology weighted partition 
w.r.t. /3j). The relative DT-invariants with descendent insertions [MNOP06] are 
the degree of 

2—1 2—1 



[I[^M\v)^^ = [n(-l)'*^'cli'^*+2(7i)nevi(C7,).pg=/;^J^ 

2—1 2—1 

which form a partition function 



( r X r 

1=1 neZ i=l 



d±-v+n 

2)± 



Using the cycle version of the degeneration formula in Theorem 1.3, we verify 
the following form of degeneration formula 
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Theorem 1.4 ([MNOP06]). Fix a basis l3i,--- ,13m ofH*{D, Q). The degeneration 
formula of Donaldson- Thomas invariants has the following form 

d=d--]-d+ 

■Zd_,r, (Y_,D_-q\ f[ fk,{li)) ■ Zd+,r,- (y+, D+; q\ f[ (7i) 
^ i=i / ^ i=i 

where ri are cohomology weighted partitions w.r.t. pi, and ^{r]) = Y\-r]i\Aut{ri)\. 



Comments. In this paper, parallel results on the PT stable pairs invariants 

are proved. The PT stable pair invariant was introduced by Pandharipande and 
Thomas in [PT09]. Their degeneration was essentially proved in [MPTIO], though 
in a special form. For future reference, we include the statement and the necessary 
constructions that lead to a proof of the degeneration of PT stable pair invariants 
in this paper. 

The notion of relative ideal sheaves was developed through email communica- 
tion between Pandharipande and the first named aiithor. The technical part of 
this paper is the proof of the properness and boundedness of good generations of 
Grothendieck's Quot-schemes. The parallel results for PT stable pairs are simpler. 
The part on perfect obstruction theory necessary for proving the degenerations of 
invariants are taken from the work [MPTIO]. 

The good degeneration of ideal sheaves for threefolds was constructed by the 
second named author in his thesis [Wu07]. The properness, scparatcdncss and 
the boundedness were proved there. The proofs in this paper for Grothendieck's 
Quot-schemes are new. 

Acknowledgment: The first named author is partially supported by an NSF grant 
and a DARPA grant. The second named author is grateful to Professor Shing-Tung 
Yau for his support and encouragements. 



2. The stack of expanded degenerations 

We work with a fixed algebraically closed field k of characteristic 0. We denote 
Gm = Gi/(l,k). Let tt: X — >■ C, e C, be a simple degeneration; let Y be 
the normalization of Xq; \ct D C Y be the prcimagc of _D C Xq, and fix £) = 
D- U as defined in Definition 1.1. In this paper, we call {Y, D±) the relative 
pair associated with Xq. 

In [LiOl, Li02], the first named author proved the degeneration of Gromov-Wittcn 
invariants of a simple degeneration in case y is a union of two irreducible compo- 
nents y = y_ U Y+ and D is connected. Often, one needs to deal with simple 
degeneration X ^ C when Y is irreducible or contains more than two connected 
components, or D is not connected. In this paper, we will construct good degener- 
ations of moduli spaces for general simple degenerations. 

In this section, we review the construction of the stack of expanded degenerations 
and its family X ^ £: presented in the survey article [LilO]. Some formulation of 
the stack 3i is new; however, the proofs of the results listed follow directly from the 
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arguments in [LiOl]. 
(2.1) 



X 



C 



2.1. The stack £. We consider A"+^ with the group action 

This group action generates a class of equivalence relations on A"+-'^. 

We need another class of equivalences. We fix the convention on indices. We 
denote by [n + 1] = {1, . . . , n + 1}; for any / C [n + 1], we let 7° = [n + 1] — / be 
its complement. For |/| = m + 1, we let 

indj : [m + 1] -)■ / C [n + 1] and ind/o : [n - m] -)■ /° C [n + 1] 

be the order preserving isomorphisms; let 

vn+l 



(2.2) M'+l. ={{t)G A"+i \ ti^O, iGl°}c A"+i. 



We let 



(2.3) fi : A"+i X G^-™ ^"+1 



be defined by the rule 

/,/ ,/ ^ + ^ / — t'l, if fc = ind/(?); 

{h,--- ,tm+i;(^U--- ,(Tn-m)^[ti,--- ,tn+l), ]^ tk = ai, H k = mdio{l). 

Restricting to (cji, . . . , (Tn-m) = (1), it defines 

(2.4) rz:A'"+i^A"+i, {t[, . . . ^ fi{t[, . . . . . . ,1). 

We call such r/ standard embeddings. Given two /, /' C [n+1] of same cardinalities, 
we define the isomorphism 

(2.5) fi,r = fi o fp' : A"^+j,, A^+jy 

Next, wc let A"+^ A""*"^ be the closed immersion r/ using / = [^+1] C [n + 2]. 
Let — >■ Gm^^ be the homomorphism defined via (cri, . . . , an) n> (cri, . . . , (t„, 1). 
Via this homomorphism, and viewing A"+^ as scheme over A^ via (t) i-^ ti . . . tn+i, 
the morphism 

(2.6) Ti : A"+i A"+2 

is a G^j cquivariant A^-morphism with G^ acting on A^ trivially. 

Further, for general /, /' C [n + 1] of |/| = |/'|, the equivalence fij' of A""*"^ is 
the restriction of the equivalence fij' of A"+^, by considering 1,1' as subsets in 
[n + 2] via I, I' c[n + l]c[n + 2]. 

Definition 2.1. We define 2l„ be the quotient [A"+^/ ~] by the equivalences gen- 
erated by the G^ action and by the equivalences tjji for all pairs I, I' G [n + 1] 
with \I\ = \I'\. The morphism (2.6) defines an open immersion 2l„ We 
define 21 be the direct limit 21 = lin^ 2i„. 
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Note that the tautological A"+^ — > 21^ is a surjective smooth chart; the collection 
{A"+^ 2l}„>o forms a smooth atlas of 21. 

Now let e C be the pointed smooth affine curve given. Without loss of gener- 
ality, we assume there is an etale morphism C — )• so that the inverse image of 
G A^ is the distinguished point G C. We define 

£ = C Xai 21. 

It is clear that € does not depend on the choice of C — > A^, and is covered by 
smooth charts 

C[n] := C Xai A"+i ^ £ = C Xai 21. 
Let o„ G 21 be the image of G A"+i under the tautological A"+i 21. By 
abuse of notation, wc denote by the same o„ £ £ the lift of o„ G 21 and G C. By 
construction, o„ has automorphism group G^] and Ofe — {ok' : k' > k}. 

2.2. The stack X. We begin with describing XxcO. We keep the decomposition 
D = D- U £>+ specified at the beginning of this section. Let N± be the normal line 
bundles of D± in Y. Since vr is a simple degeneration, N- (g) = Od- (Here and 
later we implicitly identify D± with D using D- U D+ = D ^ D.) 
We introduce the ruled variety 

A = Pi5(A^+el); 

it is a P^-bundle over D coming with two distinguished scictions = P(l) and 
£)_ = P(A^+). For any a G Gm, the Gm-action on A/'+ © 1 via {a,by = {a ■ a,b) 
defines a Gm-action 

(2.7) a: A — A, [a,b]'' = [aa,b], 

called the tautological Gm-action on A. This action fixes £>_ and c A. 

We now construct X[n]o. Wc take n copies of A, indexed by Ai, • • • , A„, and 
form a new scheme X[n]o according to the following rule: we identify D- C Y with 
£>+ C Ai, (Z)_ = is via the isomorphism D± D;) identify Z)_ C Aj with 
D+ c Aj+i, and identify Z)_ c A„ with _D+ c Y. We denote 

(2.8) X[n]o = FuAiU---UA„U(y),i 

We denote Di C X[n]o be £>_ in A^^i, which is also the C Aj.^ The singular 
locus of X[n]o is the union of Di, . . . , I?„+i. 

Y Di Ai D2 D„ A„ D„+i Y 

D_ Dj^ D_ Dj^ D_ Dj^ D_ Dj^ 

Figure 1. The two ends are the same Y, in the middle a chain of n 
A's are inserted; the D- of Y is glued to -D+ of Ai, which is named D\. 

Because the inserted A^ intersects the remainder components along Di and 
Di+i C Ai, the tautological Gm-action on Aj (cf. (2.7)) lifts to an automorphism 
of X[n]o that acts trivially on all other Aj^j. We let Gm acts on X[n]o so that 

^Here U means that we identify D- C Aj with C Aj_|_i, agreeing that Y = Aq = A„_|_i; 
we put the further right Y in parenthesis indicating that it is the same Y appearing in the further 
left. 

^Thus D+ C Aj is Aj_i n Aj and D_ C Aj is Aj n Aj+i. 
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its i-th factor acts on X[n]o via the tautological Gm-action on and trivially on 
Ajjii. Let p: X[n]Q — > Xq be the projection contracting all inserted components 
Ai, • • • , A„; it is GjJiSl"^'^'^^^^'"^™^ with the trivial action on X. 

We now construct the family X — >■ £ associated with X C. Let £ C[n] be the 
preimage of G A"+i in C[n]. We denote C* = C-0 and let C[m]* = C[m]xcC*. 

Lemma 2.2. We let X[n] be the small resolution X[n] X XcC[n], coupled with 
the projection p: X\n] ^ X induced from X Xq C[n] ^ X. It is characterized by 
the properties: 

(1) X[n] is smooth; 

(2) the central fiber {X[n] Xc[n] 0,p) is the (X[n]o,_p) constructed; 

(3) let fi : C[m] — > C[n] be a morphism induced by tj : A'"^^ A"+"' (cf. 
(2.4)j; then the induced family (fj X[n],fjp) is isomorphic to {X[m],p) as 
families over C[m], extending the identity map 

fjX[n]\cim]' = X[m]\c[m]' = X xc C[m]*; 

(4) let £i be the l-th coordinate line o/ A"+"'^; let Li = C[n] Xj^n+i £i, and let 
n: Li ^ C[n\ be the inclusion; then the induced family iiX[n] smooths the 
l-th singular divisor Di of X[n]Q. 

Because of (2), we will view X[n]o as the central fiber X[n] Xc[n\ 0. 

Lemma 2.3. The action on C[n\ with the trivial action on X lifts to a unique 
G^-action on X[n]. The induced G^ action on X[n]o is the action described before 
Lemma 2.2. For 1,1' C [jt- + 1] of identical cardinalities, the equivalence fiji in 
(2.5) lifts to a C -isomorphism 

(2.9) f/,/',x : X[n] Xc[„] C[n]u(r) = X[n\ Xc[„] C[n\u{i), 

where C'[n]i7(/) = C[n\ x^n+i A^j^. 

As an illustration, let C = A^ , and X/A^ is a smoothing of Xq = Yi U ^2 with 
a single node D. Then C[l] = A^; the central fiber X[l]o = Yi U A U Fa, A = P\ 
has two singular divisors -Di = Yi fl A and D2 = A fl la- Restricting X[l] to the 
first coordinate line A^, we obtain a family that smoothes Di C -'^[l]o but not D2; 
restricting to the second coordinate line A^ the family smoothes D2 but not Di . 




Af A| 

Figure 2. It shows that Di is smoothed over Ai; D2 smoothed over A2. 
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Definition 2.4. We define X„ be [X[n]/ where ~ are equivalence relations 
generated by the action and the equivalences fjjr^x for all I, I' C [n+ 1] of \I\ = 
We let p„: X„ X be the morphism induced by the tautological projection 
p : X[n\ X. 

The quotient is an Artin stack; it is over C since the action and the equiva- 
lence fiji^x are defined over C. 

Using the inclusion [n + 1] C [n + 2], the induced A"'+^ A"+^ in (2.6) and the 
induced C[n\ — >■ C[n + 1], we have tautological immersion of stacks 



Theorem 2.6. The morphisms X[n] G[n] induce a representable C-morphism 
X ^ €. It fits into the commutative square (2.1). 

We call (X — > £, p) the stack of expanded degenerations of X ^ C. For any 
C-scheme S, we call 36 x c ^ — >■ 5 an ^-family of expanded degenerations. 

2.3. The stack S± c 2). We now construct the stack 



of expanded pairs of {Y, D±). 

We fix the convention on indexing A"-+"+ and Gm"^"^- In this papcir. when- 
ever we see product of n_ + n+ copies, we index the individual factor by indices 
— n_, . . . , —1, 1, . . . , n+. (Note that index is skipped.) Thus the (— n_)-th coor- 
dinate line of A"-+"+ is {t,0, . . . , 0), and the n+-th coordinate line is (0, . . . , 0, t). 
The same convention applies to indexing factors of Gm"^"''". We let Gm"^""*" acts 
on A"-+"+ via the traditional convention 

{t — n- 7 • • • jt—i^ti^ . . . , tfi_^ ) = (c^— n_ ^ — ri-i • • • ? O—it—i^ (Ji^i, . . . , C^n-i- ^n-|- ) • 

We then construct 



(2.12) D[n-]-, D[n+]+ C Y[n-,n+] — > A''-+"+, p : Y[n-,n+] — > Y, 



(2) y[n_,n+ + 1] is the blow-up of x A^ along D[n-f-]+ x 0, and 
-D[ri_]_ and D[n+ + 1]+ are the proper transforms of D[n-]- x A^ and 
D[n+]+ X A"'^, respectively; 

(3) Y[n- + l,n+] is the blow-up of A-"^ x along x and 
D[n- + 1]_ and D[n+]+ are the proper transforms of A^ x D[n_]_ and 
A-^ x D[n+] + , respectively; 

(4) p : Y[n-,n+] -^Y is the one induced by the identity F — >■ F. 

Following the convention, the extra copy of A-'^ added to the right in item (2) is the 
(n+ + l)-th factor of A"-+("++i); the copy A^ added to the left in item (3) is the 




(2.11) 





(— n_ — l)-th copy in A^' 
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The central fiber of (2.12) is easily described. We let N± be the normal line 
bundle of D± in Y; let A = Pr>(7V+ 1) with distinguished divisors D+ = P(l) 
and D_ = P(iV). Then 

Y[n-, n+]o = Y[n-,n+] x^n_+n+ and -D[n±]±,o = -D[n±]± x^n_+n+ 

are 

(2.13) y[n_,n+]o = A_„_ U •■• U A_i uy U Ai U • • • U A„^, r?_. r(+ > 0, 

where the square cup " U " means that we identify the divisor D- C Ai with 
D+ C Ai+i, understanding that Aq = Y, and Ai = A for i ^ 0; I?[n_]_.o is the 
divisor D+ in A_„ , and ^[n+J+.o is the divisor _D_ C A„^. 

We let p : F[n_,n+]o ^ Y he induced by p : Y[n-,n+] Y (cf. item (4)); 
it is by contracting all Aj^^o- The scheme y[n_,n+]o has simple normal crossing 
singularities when (n_,n+) ^ (0,0). 

We call 

(2.14) (y[n_,n+]o,£'[n±]±,o) with p ■.Y[n_,n+]o ^Y 
and the Gm"^"'*' -action an expanded relative pair of {Y, D±). 

A_„_ A_i Y Ai A„_|_ 

D_ Dj^ D_ D_ D_ D_ 

II II 
O[n-]-,0 D[n+] + ,0 

Figure 3. The Y, A's glue to form y[n-,n+]o; the two end divisors 
are the new relative divisors of Y[n-, n+]o- 



The families y[n_,n+] — >■ A"-+"+ has the following additional properties: 

(5) let ei -> A"-+"+ be the ^-th coordinate line of A"-+"+, < I < n+, 

I ^ 0, then the restriction Y[n-,n+] x^n_+n+ ii smoothes the divisor Di = 
A;_i n A; if Z > 0, of A = A; n A^+i if Z < 0. 

(Notice that F[n_, n+]o has singular divisors Di, —ri- < I < n+ and I ^ 0.) 

The family (2.12) and the pair (2.14) are G'm"~''"^-cquivariant. The fc-th factor 
of the Gm in Gm~ ""^ acts trivially on all Aj except A^; on A^ the action is the 
tautological Gm-action of (2.7). 

Like the stack 3£ — >■ £, the stack (2.11) we aim to construct will be the limit of 
the quotients of (2.12) by Gm"^""*" and another class of equivalences associated to 

subsets 

(2.15) /C -{0}. 

(We define its complement 1° = [— n_, n+] — / U {0}.) 

Given an I as in (2.15), we define A'^-(+"+ c A"-+"+ 
letting m± = \I riZ±\, we have an isomorphism 

(2.16) fi : A™-+'"+ X gK"--™-)+("+-'"+) — j 
and for any I' as in (2.15) with 

(2.17) m± = |7nz±| = |/'nz±|, 



be as in (2.2). Like (2.3), 
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the pair (/, /') defines an isomorphism 

V(/') ' ^U(I) 



(2.18) TIJ' — Tl O Tp ■ + - A + 



As before, we let 

(2.19) Ti : A'"-+™+ — )■ A"-+"+ 

be fi restricting to A'"-+™+ x {1}, where 1 G g<^"--™-)+("+-™+) ig identity 
element. 

Following the construction, one checks that for any / as in (2.15), we have a 
canonical isomorphism 

T/,r : Y[m-,m+] — > TjY[n-,n+], 

lifting the t/ in (2.19); for any pair (/,/') of subsets in (2.15) satisfying (2.17), we 
have a canonical isomorphism 

fi.r.Y ■■ Y[n^,n+] x^n_+n+ A^-(+"+ — > F[n_,n+] x^n_+n+ A^-(+"+, 

lifting the fij> in (2.18). 

Definition 2.7. We define 2lo,„_+„_^ be the quotient [A"-+"+/~], quotient by 
the equivalence relations generated by the Gm~^""^ -action and the equivalences fjj' 
for all allowable pairs {1,1') in (2.15); using (2.19). for m,± < n±, we have open 
immersion ^o,m-+m+ ^o,n-+n+; we define 2to = lim„_^„^ ^o,n-+n+- 2lo is an 
Artin stack. 

We define S)n±,± C 2)n_+n+ be the quotient of D[n±]± C F[n_,n+] by Gm^'*'"^ 
and the equivalences fiji^y for all pairs {1,1') satisfying (2.17); we define D± C 3) 
be the limit of Dn±,± C 2)„_+„_^ as n-,n+ — )• +oo. We let p : ^ Y be the 
projection induced by the tautological Y[n-,n+] — )• Y. 

Theorem 2.8. The projections Y[n-,n+] — >■ A"-+"+ induce a representable mor- 
phism S)± C 2) 2lo. 

We call D± C 2) 21© with p : 2) ^ the stack of expanded relative pairs 
of {Y,D±). Using (2)± C 2) 2lo, p), we define the collection 2) (5) of expanded 
families of pair {Y, D±) over a scheme S be 

S± xa, ^ C 2) X2i, ^, 5^2lo. 

In case y = y_ U y+ is a union of two connected components, we use D± = 
DriY±. We define the pair of stack 

(2.20) S+ C2)+ :=2) XyF+. 

Or 52}+ can be defined as in Definition 2.7 with Y replaced by y+, n_ =0 and 
= 0. The pair £)_ C SI}_ is defined similarly. 

2.4. Decomposition of degenerations I. To state the decomposition of good 
degenerations, we introduce the stack of node-marking objects in := 3£ Xc 0. 
This construction was first introduced in [KL07] . 

Definition 2.9. A node-marking of X[n\o is a marking of one of the singular 
divisor of X[n]Q. A node-marking of a family X ^ S in 'X.o{S) is an S- 
morphism r] : D x S ^ X so that for any closed s € S, r]{D x s) C Xg is a 
node-marking of X^ . 

An arrow between two X and X' in Xo(S') with node-markings rj and rf is an 
arrow p : X ^ X' in Xo{S) so that for any closed s € S, po r]{D x s) = r]'{D x s). 
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Proposition 2.10. The collection of families in with node-markings form an 
Artin stack, denoted by Xj. Forgetting the node-marking defines a morphism 

3Cq — > Xq. 

Proof. The smooth chart X[n] X induces a smooth chart X[n] xc — > Xq. We 
denote A^+ig = {{t) e A"+i | tk = 0}. Then A"+i Xai = IJfei! Kt=o- Further, 

X[n\t,=o ■=X[n\ XAn+i A'^+io 

has normal crossing singularity and its singular divisor is the image of the X x A"^q- 

morphism 

(2.21) r^k ■■ D X A^+^, ^ X[n]t,=o- 

According to Definition 2.9, one checks that (2.21) is a node-marking of X[n]t^=o; 
thus 

(2.22) (X[n]t,=o,%)eXS(A'?+io). 

The disjoint union of (2.22) for all 1 < fc < n + 1 form a smooth atlas of Xq. This 
proves that Xq is an Artin stack. □ 

It will be useful to construct a stack Cj and an arrow — )• £ that fits into a 
Cartesian product 

(2.23) 

cj y er. 

Wc construct €q as follows. For a pair of integers 1 < fc < n + 1, we let acts 
on Aj+^g via the (S™ action on A"+^ and the inclusion A^+^g C A"+^. Such action 
generates equivalence relation on A"+^q. 

For any J C [n + 1] and k an integer, we denote /<fe = {i € I \ i < k}; similarly 
for />fc. Let fc e / C [n + 1] and fc' G /' C [n + 1] such that 

(2.24) |/<fe| = |/<fel and |/>fe| = l/^l- 

The equivalence fij/ of (2.5) restricted to A"^^g n A'^],^ defines 

(2.25) m,kui',k') ■■ A^t^ n A^+],) ^ A^t 1 n A"^+]) . 

These isomorphisms generate equivalence relations too. 
We define the closed immersion 

(2.26) T+i:A'?+ig^A",n {z) ^ {z,l). 

Definition 2.11. We define £]j g be the quotient [Ufcii ^t=ol ~]' 'f^here ~ is the 
equivalence generated by the action on A"^^g and by T(i ^k),(r ,k') for all pairs 
k e I and fc' G /' satisfying (2.24); we define open immersions cI^ q ^n+i,o using 
(2.26); we define = lim£^ g. 

Proposition 2.12. The morphisms X[n]t^=o ^ ^'^lo' where X[n]t^=o is with 
the node-marking (2.22), induce a morphism Xq Cg that fits into the Cartesian 
product (2.23). 
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As U ^tt=o ~^ "^ra is a smooth chart of g, and the former is the normalization 
of A"+^ Xa.iO, the morphism tfj — > is a normaHzation. It is fitting to call Xq 

the decomposition of locally complete intersection singularity of Xq. 

The final step of the decomposition is the following isomorphism result. 

Proposition 2.13. There is a canonical isomorphism = 2lo so thatX^ is derived 
from 2) by identifying the stacks S_ with Z+ via the isomorphisms 33 _ = £) x 2to = 
33 +, and declaring the identifying loci the node-marking. 

Proof We define A"-+"+ -)■ A"+io, fc = n_ + 1, n = n_ + n+, via 

{t—n_ ) * • • 5 ^—1? ^1? * • • 5 ^n-i-) ' ^ (^—1) • * • ) i—n— 5 0) ^n+i • • • i ^l)* 

This is G™ equi variant via a homomorphism — > G^+^, and induces a morphism 
2lo — > £o- remainder of the proof is straightforward. □ 

2.5. Decomposition of degenerations II. This decomposition works for the 
case F = y_ U F+ is the union of two irreducible components; we let D± ^ DriY± 
and define 2)± C 2)± as in (2.20). 

Wc fix an additive group A. Using Y — y_ U y+, we index the irreducible 
components of A"[n]o as Aq ~ Y^, ^n+i ~ Y^, and other are as usual. 

Definition 2.14. A weight assignment of X[n\o is a function 

w : {Ao, . . . , An+i, Di, . . . , Dn+i} — > A 

that assigns weights in A to Aj and Dj in X[n]o. A weight assignment of Xt, t ^ 0, 
is a single value assignment w{Xt) G A. ^4 weight assignment w of X € X{S) is a 
collection {Ws \ s G S} of weight assignments Wg of Xg. 

We make sense of continuous weight assignments of families. For any subchain 
A[i^;/] := A; U . . . U A;/ we define its weight to be (recall Di ~ Aj_i n A^) 

H^m) = E ^(^^) - E "'(^^)- 

l<i<l' l<i<l' 

Let So € 5 be an irreducible curve, and let w be a weight assignment of X € X{S). 
Suppose Xgg = Ar[n]o and Xg = X[m]o for a general s € S, Then m < n, and there 

are 

(2.27) A:o = < fci < . . . < km+i < km+2 = n + 2 

so that the Aj c Xg specializes to the chain Aj^.. c Xg^^, (i.e. the singular 

divisors C Xg^ are not smoothed in the family X.) The total weight of w is 

w{X[n]Q). 

Definition 2.15. Let Sq G S be an irreducible curve, and X G X{S) be as stated. 
We say a weight assignment w of X is continuous at sq if the followings hold: 

(1) In case for a general s G S we have Xg = X[m]o, letting ki be as in (2.27), then 
Wg{Ai) = Wgo{A[k^^k,+^_i]) and Wg{Di) = Wa„{Dk,)- 

(2) In case for a general s E S we have Xg = X^ for a t ^ E C , then Ws(Xg) = 

In general, a weight assignment of X G X{S') is continuous if for any irreducible 
curve So & S and S ^ S', the pull back family X Xs' S with the induced weight 
assignment is continuous at sq. 
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Example 2.16. Suppose dunX/C — 1. In case there is a locally free sheaf £ on 
X, assigning each lS.k C Xa the degree of £\Ak o,nd assigning each Di c Xs zero is 
a continuous weight assignment taking values in Z. 

We define the stack of weighted expanded degenerations . 

Definition-Proposition 2.17. Given a (3 € A, we define the groupoid X^{S) be 
the collections of pairs {X,w), where X G X.{S) and w is a continuous weight 

assignm,ent of X of total weights f3. An arrow between {X, w) and {X' , iv') G X^iS) 
consists of an arrow p : X ^ X' in X{S) that preserves the weights w and w' . The 
groupoid X^ is an Artin stack. 

By forgetting the weights, we obtain the forgetful niorphisni X^ — > X. We claim 
that there is a weighted stack €^ together with a forgetful morphism £^ — )• £ so 
that X*^ is the Cartesian product 

X^ )■ X 

(2.28) 

€^ y £. 

The easiest way to do this is to define a weight assignment of a f G C[n] be a 
weight of Or a weight of 5 £ is a weight of X S'. We then define (t^ 

to be the groupoid consisting of (S — > €,w), where w is a weight assignment of 
S etc. 

Proposition 2.18. The groupoid £^ is an Artin stack, together with a tautological 
morphism X^ €^ ; the forgetful morphism (t^ ^ <E is etale and fits into the 
Cartesian square (2.28). 

Replacing X/€ by xj/cj, we obtain a pair 

where closed points in Xq'^ are {X[n]o,Dk,w) of which Dk C X[n]o are node- 
markings and w are weight assignments of X[n]o of total weights /3. We define (^J'^ 
parallelly, combining the construction of and €^ . 

The pair Xq'^ — > ^o'^ is a disjoint union of open and closed substacks indexed 
by the set of splittings of ^. We let 

Af = {5 = {5±, So) I 5-,S+, So eA,5- + S+-5o = /?}. 

For each d G A^''', we define Xo'*(k) be the collection of those {X[n]o,Dk,w) G 
Xy^{]s.) such that 

w{A[o,k-i]) = w(A[fe_„+i]) = 6+ and w{Dk) = So- 
It is both open and closed in Xo'''(k); thus defines an open and closed substack 

Accordingly, we can form tlie stack £q * and a morphism cj' — >■ €.q'^ that fits 
into a Cartesian product 
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We let 

(2.29) $5 : Cj'* £^ 

be $J composed with the forgetful morphism — > (t^. The following Proposition 
says that they are Cartier divisors. 

Proposition 2.19. There are canonical line bundles with sections {Ls,ss) on 

indexed by S E A^^', such that 

(1) let t G r(OAi) be the standard coordinate function and n : €^ ^ be the 
tautological projection, then 

(g) Ls^Oefi and JJ sg = Tr*t; 

(2) the morphism $5 factors through sj^{0) C £^ and effects an isomorphism 
€l''^sj\0). 

The proof of this decomposition is essentially given in [Li02]. Note that this 
Proposition states that €q C £^ is a complete intersection substack, and the disjoint 
union of Cj'^ is its normalization. 

We complete the weighted decomposition by introducing the stack of weighted 

relative pairs. We define a weight assignment of (y_^[n], be a function w 

that assigns values in A to the irreducible components of i + of its D^s, and of 
£>+[n]. We define the continuous weight assignments of (3^+,I>+) e 2)+(S') parallel 
to Definition 2.15. 

For a (5 e A^'^', we define the stack 2)_,_+''^° so that ^^_^^'^"{S) consists of data 
(y+jV+jW), where {y+,T>+) e 2)+(<S') and w are weight assignments of (3^+,X>+), 
so that for any closed s E S, Ws(2?+.s) = Sq and the total weights Ws{y+^s) = 6+. 
The case for and similar objects are defined with "+" replaced by "— ". 

We let Slo"*"*" be the stack defined similarly so that we have Cartesian product 





> 2)± 


1 


1 

> 2lo 



By gluing the two relative divisors I?_ and 2?+ of {y±,T>±,w±) G 2)jf ' ° (S) and 
combining the weights W- and w+, we obtain the following commutative square of 
morphisms 

1 1 

Proposition 2.20. The morphism "^s is an isomorphism. 

3. Admissible coherent sheaves 

We develop necessary technical results on admissible coherent sheaves on singular 
schemes. In this paper, we adopt the convention that for any closed or open V C 
VFand J a sheaf of Ovy-modules, we denote 3^\v = 3^^0w ^v- 
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3.1. Coherent sheaves normal to a closed subschema. Let be a noetherian 
scheme and D cW he a, closed subscheme. 

Definition 3.1. Let !J be a coherent sheaf on W. We say 3^ is normal to D if 
Tor°»'(J,Or,) =0. 

In this paper, we are interested in two situations. One is when D C W is a 
Cartier divisor; the other is when W = Wi U W2 is a union of subschemes Wi and 
W2 C W that intersect transversally along a Cartier divisor D = Wi fl W2- 

To study flat families of coherent sheaves, we quote the following known fact. 

Lemma 3.2. Let {A, m) be a noetherian local ring with residue field k, and B a 
finitely generated A-algebra, flat over A. Let M he a finitely generated B-module. 
Then Torf (M, B/mB) = if and only if M is fiat over A. 

Proof. Since M is a finitely generated _B-modulc, it fits into an exact sequence 

— > M' — > S®" — >M — >0. 

Tensoring with B/mB, we know Torf (M, B/m.B) = if and only if M'/mM' = 
M'(8)Ak [B/mB)®" is injective. On the other hand, applying (gj^k to the above 
exact sequence, we obtain 

Torf (B®", k) ^ Torf (M, k) M' 0^ k ^ B®" 0^ k = (B/mB)®". 

Since B is A-flat, Tor^(i?®",k) = 0. Thus the last arrow is injective if and only 
if Torf(M, k) = 0. By local criterion of flatness [MatSO, Theorem 49], this is 
equivalent to M being A-flat. This proves the Lemma. □ 

For the case where D C is a Cartier divisor in a smooth W , a coherent sheaf 
1 onW normal to D is equivalent to that 5" is flat along the "normal direction" of 
D C W. To make this precise, we assume W is affine and pick a regular z £ r(On/) 
so that D = {z = 0). We define t : W ^ = Speck[M] via r*(it) = z. For any 
scheme S, we denote by tts : W x S ^ S the projection and view x 5 as a family 
over Ax X S via 

(3.1) (r, ns) -.W X S ^ X S. 

Proposition 3.3. Let D C W, S and (3.1) be as stated. Suppose J" an S -flat family 
of coherent sheaves onW x S, and s S is a closed point so that 3^s = 3^ ^Os k(s) 
is normal to D. Then there is an open subset {0,s) gU C ^ x S so that the sheaf 

3^\lf is flat over U . 

Conversely, let U C x 5* be an open subset such that ? is flat over U, then 
for (0, s) e U, is normal to D. 

Proof. We let 

U = {xeA^ xS\ 2F0o^i>,s Oaixs.x is OAixS.x-Aat}. 

By [MatSO, Theorem 53], U is an open subset of x 5 (possibly empty) and 3^\u 
is flat over U. 

To prove the Proposition, we only need to show that (0, s) G U. But this is a 
direct application of Lemma 3.2. We let 



^ = OaixS,(o,«), B = r{OwxS®o^,,,A), M = r(J®o^^^^). 
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Since the assumption that 3's is normal to D imphes that Tor^^ {M, B/mB) — 0, 
Lemma 3.2 implies that M is flat over A, that is, (0, s) G U. 

For the converse, given (0, s) G U, by the base change property of flatness, 
3^s = 3^\wxs is flat over Us = U Ci x s). Since (0, s) e U, we have G Us- By 
Lemma 3.2, Torf'^ (J^, Or,) = 0; by Definition 3.1, is normal to D. □ 

Corollary 3.4. Let the situation be as in Proposition 3.3 and let 3^ he an S-flat 
family of coherent sheaves onWxS. Then the set V = {s Cz S \ J's normal to D} 
is open in S , and 3^\dxV is a V-fiat family of coherent shea,vcs on D x V . 

Proof. Let U he the open subset introduced in the proof of Proposition 3.3. Then 
J7 n (0 X S*) C S" is exactly the locus where 3^s is normal to D. 

By Proposition 3.3, we know that there exists an open subset U C A} x S, so 
that X V C U and 3^\u is flat over U. Thus, by the base change property of 
flatness, 3^\dxv is 1^-flat. This proves the second part of the Corollary. □ 

Now we move to the second case where W = Wi U W2 is a union of two smooth 
schemes Wi and W2 intersecting transversally along a Cartier divisor D = WiH W2 
(in Wi and 1^2)- Assume W is affine; we find G T{Ow) so that Wi = {z2 = 0) 
and W2 = {zi = 0), thus D = {zi = Z2 = 0). We let 

T = Speck[Mi,U2]/('Ui'U2), 

and let ^: Vl^ — s- T be defined by ^*{ui) = Zi. As before, since the fiber of W — > T 
over G T is £), which is smooth, by shrinking W if necessary, we can assume that 
^ is smooth. 

Now let S be any scheme, ns '. W x S ^ S he the projection. We will view 
W X S as, Su family over T x S via 

(3.2) (^,7rs) : X 5 — >TxS. 

By our choice, it is smooth. 

Proposition 3.5. Proposition 3.3 and Corollary 3.4 hold with the family (3.1) 
replaced by the family (3.2). 

Proof. The proof is exactly the same. □ 

Proposition 3.6. Let the situation be as in (3.2). Let 3^ be an S-flat family of 
coherent sheaves on W x S. Suppose for any s € S the sheaf 3s is normal to 
D. Then =3^1^4x5 is an S-flat family of coherent sheaves each of its members 
normal to D. 

Proof. We prove the case i = 1. Since this is a local problem, wc assume W is 
affine. We pick the morphism in (3.2). Applying Proposition 3.5, we can find an 
open DxS(ZU<zWxS so that 3^\u is flat over T x S. By the base change 
property of flatness, 3\ur\Wixs is flat over Ti x S*, where Ti = {u2 = 0). Since 
D X S (Z U , 3i = 3\wixS is flat over S near D (ZWi x S. Since Wi — D \s open 
in W and '3\wi-D = 3^i|wi-_d, 3^i is flat over S. 

Finally, because 3s is normal to D, 3i\wixs is normal to D as well. This proves 
the Proposition for i = 1. The case i = 2 is the same. □ 

Wc also have the converse. 

Lemma 3.7. Let 3 be a sheaf on W in the situation (3.2). Then 3 is normal to 
D cW if and only if both 3\wi, ^ = 1, 2, are normal to D cWi. 



GOOD DEGENERATION OF QUOT-SCHEMES AND COHERENT SYSTEMS 



17 



Proof. Let Ti = {u2 = 0) and T2 = (ui = 0) C T. It is proved in Proposition 3.6 
that 5" normal to D implies that both J'\wi are normal to D. Suppose both 3^\wi 
are normal to D. Then both 3^\wi are flat over Ti near E Ti. We prove that 3" 
is flat over T near G T. Since Ot,o = ^[[ui,U2]]/{uiU2), each ideal / C Ot,o is 
either principal or has the form I = (u"^,U2^). We show that / <Siq^^ 3^ ^ IH is 
injective. Assume that I = ('U°\u2^); (for I principal, the argument is the same.) 
Let G 5" so that 

O ai + O a2 e J. 

Since Ot Ow is defined by Ui i->- z,. Using Z1Z2 = 0, we get Zi^~^^ai = 0. 
Because JIvvi is flat over e Ti, this is possible only if ai = Z2/3 for some /3 e J. 
Then u"^ (g) ai = m"^M2 (8 /3 = 0. For the same reason, (8> 0:2 =0. Hence 
/ "^Oy ^ 3" — )• 73' is injective. This proves that 3^ is flat over T near 0. □ 

We have a parallel result. 

Lemma 3.8. Let D\,D2 C X be smooth divisors intersecting transversally in a 
smooth variety. Suppose a sheaf 3^ is normal to Di and D2, then it is normal to 

the union Di U D2. 

Proof. The proof is similar, and will be omitted. □ 

3.2. Admissible coherent sheaves. We shall study coherent sheaves on a simple 
degeneration tt : X — > C. 

Definition 3.9. We call a coherent sheaf 3" on X[n\Q admissible if it is normal 
to all Di c X[n]o- Let {X,p) be an S-family of expanded degenerations. Let J be 
an S-flat family of coherent sheaves on X. We say J is an S-family of admissible 
coherent sheaves ifS^s '■= 3^\xs admissible for every closed s € S. 

We agree that any coherent sheaf on a smooth Xt is admissible. 

Proposition 3.10. Let J be an S-flat family of coherent sheaves on X. Then the 

set {s IE S \ 3s is admissible} is open in S . 

Proof. This follows directly from Proposition 3.5. □ 

Similarly, we have the relative version. We agree that for {y, V±) an S*- family of 
relative pairs and s G 5 a closed point, we denote [Vs = !y x 5 s and V±^s = 'L>± xss. 

Definition 3.11. We call a coherent sheaf 3^ on Y[n-,n+]o relative to D[n±]±fi 
if it is normal to all Di G y[n_,n+] and is normal to the distinguished divisor 
D[n±]±fi. Let {y,T>±) be an S-family of relative pairs. We say an S-flat sheaf J 
on y relative to T>± if for every closed s £ S , 3^s is a sheaf on yg relative to T>±^s- 

Proposition 3.12. Let 3^ be an S-flat family of coherent sheaves on y. Then the 
set {s & S \ 3^s is relative to T>±^s} is open in S. 

Proof. This follows directly from Corollary 3.4 and Proposition 3.5. □ 

For later study, we show that the failure of admissible property of a class of 
Gni-equivariant quotient sheaves are constant in t. Since this is a local study, we 
work with modules. We let B be an integral k- algebra of finite type; let A be the 
Gm k-algebra 

(3.3) A = B[zi,Z2,t]/{ziZ2y, zl = a^zx, z^ = Z2, = aH; a G Z+, 6 G Z_. 
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We let R = A®"^ be an yl-module with the Gm-action acting on individual factors 
as in (3.3). 

Given an A-module M, for / e M we denote by ann(/) C A the annihilator of 
/: ann(/) = {aG A\af = 0}. Let 

1= {Z1,Z2) C A 

be the ideal generated by zi and Z2- We define Mj = {/ g M | ann(/) Z) 
l'^ for some fc £ N}. Namely, Mj consists of elements annihilated by l'^ for some; k. 

We use the Gm-spectral decomposition to study Gm-sheaves. Given a Gm-module 
M, we let M[£] = {v € M \ = a^v}. Since Gm is reductive and commutative, 
we have direct sum decomposition M = (Beez^ie]- We call an element ?; e M of 
weight i if V € M^^y By the weight assignments of Zi and t, we see that for an 
element f G A of weight i>0 and is divisible by t, then / is divisible by zi. 

Let ^0 = A/{t) be the quotient ring. For any i?-module M, we denote Mq = 
M Aa. Let R„ = .4®" = RiS>a ^o, and Iq = (zi, 22) C ^o- 

Lemma 3.13. Let (p : R M be a G^-equivariant quotient A-module. Suppose M 
is k[t]-flat, then the natural homomorphism M/®^ — > (Mo)/o is an isomorphism. 

We next study the failure of the flatness of M over T = \ilzi,Z2]/{ziZ2). We let 
A- = A/{z2), let M- = M (giA A- , R- ^ R (E)A A- , and define K' = ker{i?- -)■ 
M~}. We consider the localization K'^^^ of by the ideal (t);'^ consider its further 

localization by (21), its intersecting with R^^y and the quotient: 
(3.4) n ®A-^ Ay{z,) C B[t, t-T"". 

By the construction, the inclusion is G,n-invariant, thus the <^^]-submodule is 
generated by elements in B®™. In other words, there is a B-submodule Ggen C B®"^ 
such that as submodules of B[t,t^^]®"^, 

Ggen ®B B[t,t-^] = [{K-^)(z,) n i?^,)) A^i)/(2l). 

Applying the same construction to the module Kq = ker{RQ — >■ MJ~}, where 
i?Q — i?° (SiAo Aq , where A^ = Ao/{z2), and same for Mq, we obtain a submodule 
Go C B®"* such that as submodules of B®™, 

Co = ((i^o")(zi) ri^o") Ao/{Zi). 

Lemma 3.14. Let the situation be as in Lemma 3.13. Then as B-modules, Go C 
B®™ coincide with Ggen C B®™. 

The proofs will be given in Appendix. 

3.3. Numerical criterion. We introduce numerical criterion to measure the fail- 
ure of a coherent sheaf normal to a closed subscheme. This will be used to prove 
the properness of moduli spaces. 

Let Ii C Ox[n]o be the ideal sheaf of Di c X[n]o. For a sheaf 5" on X[n]o, as in 
the previous subsection, we define 

Jj-j = {ti g J I ann(t;) C /f for some k e Z+}. 



'Since {K = (J'^(t)) , there is no confusion using K^^^ to denote either. 
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We define 




It is the sheaf 3^ quotient out its subsheaf supported on a sufficiently thickening of 
the singular loci of X[n]o- We then denote = ?*'^ |a,, and form 



they are subsheaves of supported along Di and -D;+i respectively. 

Example: Wc give an example of non- admissible quotient sheaf of Ox- For 
simplicity, we consider the affine case where F = Ai n A2 C A"* is defined via 
Ai = {{zi)\z2 = 0} and A2 = {izi)\zi = 0}. We let 

3'i = 0Aj{zi,zl,zlzi), and 3'2 = Oaj/C^^s, ^li 4^2)- 

Let : Aj — )• y be the inclusion. We define 3^ = ker{ti*5Fi ® 12*3^ — > k{0)}, where 
fc(0) is the structure sheaf of the origin e A^. Then 3\-^- = 0Aj{z4,zi), and 
= OaJ{z3,zI) (c.f. (3.6) below); further 



and y'lAi has a dimension zero element support at 0. 

For an integer v, we continue to denote by 3'{v) = J®p* H®"" , where p : X[n]o — >■ 
X is the projection. 

Definition 3.15. We define the l-th error of J he 



n+l 

we define the total error of 1 he ErrSF = Err; 3^. 

z=o 

Lemma 3.16. A sheaf "J on X[n]o is admissihle along Di if and only if all 3"/,, 

(3^''');./i '^"'^ (3^'^');-i.-fi ^^'^ 

Proof. This is a local problem. We pick an affine open W C X[n]o so that W C 
A;_i U A; - A-i U A+i- We let W-l = W n A;_i and W2 = W f) A;. We 
form ^ : ly T as in (3.2) so that for Tj C T the lines A^ ^ Tj C T, we have 
Wi=W XT Ti- thus ^-1(0) = DiC^W. 

By Proposition 3.3 and Lemma 3.7, J\w is admissible if and only if 3^\wi are 
flat over Ti near 0. Let J (resp. Ji) be the ideal sheaf of Wi n W2 C W (resp. 
W\r\W2 C Wi); let (5'|vf)j be the torsion subsheaf of J| supported along iyinW2, 
and let 3^\\^' = {'3^\w) / {^^W) J ■ By the flatness criterion, this is true if and only if 
{3\w)j = and ((3^lvK')|wi ) Ji = for i = 1, 2. This proves that 3^\w is admissible 
if and only if all 3^ii\wi {3^'^')i,ii\w and (3^-^-);_i,/, |vf are zero. Going over a 
covering of Di C X[n]o, the lemma follows. □ 

There is a useful identity expressing x(3^(i')) in terms of Err3^ and the Hilbert 
polynomial of 



{S^-'-^U := {{3'-'-)i),^ and {3^-'%n^, := 



= kerltiH.S^-''- © i2*32'^- 



^ fc(0)}, length(J/J*-f-) = 2, 



(3.5) Err;J = x(3^/,(^)) + Ixii^'-'Xuiv)) + \x{i.^')i-iAv)); 
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Lemma 3.17. Let 

5l,^ = X{^i'-{v)) + x((^-'-)i./,+.(^^)) - x{^-'-WM). * = 0, 1. 
Then we have the identity 

, n+l 

(3.7) X{^{v)) = Err J + - ^ (5;,o + • 

i=o 

Proof. Since J*-*- = J/ J/, 

(3.8) xmt;))=x(3^'-'-W)+x(^/(«))- 
For 3^-^-, we have the exact sequence 

n+l n+l 

(3.9) ■ ■ |a, ■ I A 0. 

(Here we view both S^'^ Ia; and SF^'^ Id, as sheaves of Ox[n]o-iiiodules.) Using 

x(^-'- 1 A, (^;)) = x(5l-*-M) wM) + x((5'-'- WW) 

and (3.9), after regrouping, we conclude 

^ n+l 1 ^ n+l 

X(3^(z;)) = (xi-^iiv)) + 2 EEx((^-'-)'.^'+^(^))) + 2 E(^''0 

;=o i=o (=0 

This proves the lemma. □ 

Wc have the following positivity in case 5" is a quotient sheaf of p* V for a locally 
free sheaf V on X. 

Lemma 3.18. Suppose J is a quotient sheaf of p*V. For 1 < I < n, the leading 
coefficients of di^ and 6i^i are non-negative; if one of 6i^i is zero, then the other is 
also zero, which happens when p*V\ai — >■ 3^'^' is a pull back of a quotient p*V\d, — >■ 
£ of sheaves on Di via the projection tt; : A; — >^ . 

Proof. Let 1 < Z < n. The quotient p*V —5- 5" induces a quotient homomorphism 
P*V\ai — ^ 3^ ' - We let % be its kernel, which fits into the exact sequence 

O^X—^ P*V\a, 3^1-^- 0. 

Let TT; : A; — >■ Di be the projection. We claim R^tti^S^-^- = 0. Indeed, since tt; is 
a P^-bundle, R-^tti^^X ~ 0. By base change, -R^7r(*(p*V|A,) = since for all closed 

X G Di, iJ^(7r;~^(x),p*V|^-i|.^j) = 0. Applying tt;, to the above exact sequence, by 

the induced long exact sequence, we conclude that i?^7r(*3^'^' = 0. Therefore, since 
P*H\di is ample, for large v, 

x{3^-'-{v)) = x{n*3^-'-{v)) = x{{n*^-'-){v)). 

On the other hand, the surjective homomorphisms p*V\ai 3*'^' — >■ 3^'^'\d, 
induces a surjective 7r;*3^-^- — > 3^-^-\d,. This implies that the leading coefficient of 
x((7r(*3^-^ )(t')) — x{3^'^'\d,{v)) is non-negative; and is zero if and only if 7r;,3^-^- = 

Finally, we suppose Si_q = 0. Then 7r;»9^-^- = 3^-^-\d,. Using 7r*7r;,3^-*- — >■ 
we obtain a homomorphism 'n'l {3^'^'\di) As this homomorphism is 

an isomorphism when restricted to Di, it is injective. Suppose it has non-trivial 
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cokernel, then x(5''-^ (v)) 7^ xl^fS^'^' Ia (^)) = xi^'^'loiiv)), a contradiction. This 
proves the lemma. □ 

A parallel result holds for coherent sheaves on l"[n_,n+]o. For the singular 
divisor Di C Y[n-,n+]o, we define Err^iF be as in (3.5). For the relative divi- 
sor D[n±]±fi, we let I± be the ideal sheaf of £>[n±]±,o C Y[n-,n+]o, and define 
Err±J = x(V/± (v)). We define 

(3.10) ErrJ= ^ Err;J+ Err_3' + Err+J. 

— n_ 

Lemma 3.19. A coherent sheaf 3^ on Y[n-,n+]o is relative to D[n±]±fi if and 
only if En J = 0. 

4. Degeneration of Quot schemes and coherent systems 

We construct good degenerations of Quot schemes and moduli spaces of certain 
types of coherent systems. We shall focus on the case of Quot schemes. For coherent 
systems, we will comment on the modification needed at the end of the section. 

4.1. Stable admissible quotients. Wc let tt : X — ^ C be a simple degeneration. 
We fix a relative ample line bundle H on X/C, and fix a locally free sheaf V on X. 

We begin with admissible quotients on X[n]o. Let p : X[n]o X be the 
projection. 

Definition 4.1. We call a quotient (sheaf) cf): p*V J on X[n]Q admissible if 3^ 

is admissible. 

For two quotients p*V —5- and (j)2'- p*V 3^2 on X[n]o, an equivalence 
between them consists of a pair {a,ip), where cr: X[n]o — t- Ar[n]o is an automor- 
phism induced from the canonical action on X[n]o, and tp: = a* 3^2 is an 
isomorphism, so that the following square is commutative: 

p*V Ji 

a" t 

p*V^cr*p*V "'^^ ) cr*J2. 
Here the isomorphism p*V = a*p*V is the (unique) one whose restriction to Aq U 
A„+i is the identity map. 

Suppose (cr, ipi) and (cr, i]j2) are autoequivalcnccs of a quotient cf): p*V ^ 'J, then 
tp2^ is an automorphism of (/>: p*V 3^, which is identity. Therefore V'l = V'2- 
It follows that the group Autx(l> of autoequivalences of (I): p*V ^ 3" is a subgroup 
ofG^. 

Definition 4.2. We say a quotient (p : p*V 3^ on X[n]o is stable if it is admissible 

and Autx^ is finite. 

Let {X,p) G 3C{S) be an S'-family of expanded degenerations, let If be a coherent 
sheaf on X and <p: p*V 3^ he a quotient. We call (p: p*V — >■ an S-flat family of 
stable quotients if 3^ is flat over S, and for every closed point s G S the restriction 

<f>s ■ P*^\x,, — ^ 3'\x^ (of (/) to Xs) is stable. 

Lemma 4.3. Let (j): p*V 3^ be an S-flat family of quotients on {X,p) G X{S). 
Then the set {s € S \ (ps- P*^\xs ^\xs is stable} is an open subset of S. 
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Proof. Because automorphism groups being finite is an open condition, the Lemma 
follows from Proposition 3.10. □ 

We define the category Quot^/^ of families of stable quotients. For any scheme 

S over C, wc define £luot^/^{S) be the set of all so that {X,p) S X{S) 

and (p: p*V — > 5" is an S'-flat family of stable quotients on X. An arrow between 
{(j)i;Xi,p) and {4>2\'^2,p) in i3uot^/£(5') is an arrow a: Xi — >• X2 in X{S) so that 

^ a*<j)2. For p : S T, the map Quoi^/^ip) : £luoi^/^{T) Quoi^/dS) is 
defined by pull back. 

Sending {(p;X,p) G Ouot^^g- to the base scheme of X defines £2uot^yir as a 
groupoid over C. 

Proposition 4.4. £luoi^/^ is a Deligne-Mumford stack locally of finite type. 

Proof. First we show that Ouoi^/g is a stack. We let Schc be the category of 

schemes over C. For any S in Schc and two families (/>i,^2 in Ouot^/g-(6'), we 
define a functor 

Isom cfc!>i ■ d)?) : Schc — > (Sets) 

that associates to any morphism p : S' ^ S the set of isomorphisms in 0uot^/|r(S") 
between and p*^2- Since stable quotients have finite automorphism groups, 
by a standard argument, Isom g(c!)i , (j)2) is represented by a finite group scheme over 
S. An application of descent theory shows that Ouot^^yg. is a stack. 

Now we show that Quoi^/^ admits an etale cover by a Dclignc-Mumford stack 
locally of finite type. Let p : X[n] X he the projection; let Quot^j^^j^^^j^j 
be the Quot scheme on X[n]/C[n] of p*V. We form the subset Q^ot'^^^^^^^ C 
Quot^j^j^Pj^j of stable quotients as defined in Definition 4.2. By Lemma 4.3, it is 
open in QviOt^^y^^^y Since acts on X[n]/C[n], it acts on Quot^j^j^^^j^p and 
then on Q^ot^^y^^^y By the stable assumption, acts with finite stabilizers 

on Quot^j^jyj^j^p thus the quotient stack [Quot^j^j^^-rj^j/G^] is a Deligne-Mumford 
stack. 
Let 



be the morphism induced by the universal family over Quot^j^j^*^j^j. By construc- 
tion Fn is etale. Hence, the induced 

ri>0 Ti>0 

is etale and surjective. This proves the Proposition. □ 

We define relative stable quotients on an expanded pair in the same way by 
replacing X[n]o with {Y[n-,n+]o, D[n±\±fl). Let 

where Y ^ X is induced by the normalization Y ^ Xq c X. Let 
p: (y[n_,n+]o,£'[n±]±,o) ^ {Y,D±) 
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be the projection. For any quotient (j) : p*Vo 3^ onY, the group Autycj) is defined 
in the same way as that of Autx^, which is a subgroup of G^. 

Definition 4.5. Let {Y[n_,n^]f), D[n±\± Q) he a relative pair. A relative quotient 
(f) : p*Vq 'J on {Y[n_^n^\Q^ D[n±\± t:,) is a quotient so that ? is admissible and 
is normal to D[n±\±fl. We call (j) : p*Vq — > 9^ stable if in addition Autsg^ is finite. 

We define famifies of relative quotients on {y,V±,p) G (2)± C y){S) similarly. 
We have 

Proposition 4.6. Let (j) '■ P*'^0 3^ be an S-flat family of relative quotients 
on {y,'D±). Then the restriction <^dj. : p*Vo\v± — >■ 3^\-d± is an S-flat family of 

quotients on T>± . 

Proof. This follows from Corollary 3.4. □ 

We remark that Lemma 4.3 still holds after replacing families X/S by families 
y/S. We define the category O.uot^"_^^y of families of relative stable quotients 
accordingly. 

Proposition 4.7. Quoi^"^^^ is a Deligne-Mumford stack locally of finite type. 

Proof. The proof is parallel to that of Proposition 4.4. □ 

4.2. Coherent systems. Coherent systems we will consider are sheaf homomor- 
phisms 

(or on y[n_,n+]o) so that jF is pure of dimension one and <f has finite cokernel. 
Since an automorphism of (p: Ox[n]a — > is a sheaf isomorphism a: 3^ ^ !J so that 
ao(p = (p, that 5" is pure of dimension one and coker(^ is finite implies that a is the 
identity map. We define the group Aut^et^ be the collection of pairs {a, ^) so that 
a gG^ and ^ is an isomorphism of <^ : Ox[n]o 5" with a*ip : Ox[n]o = ^*O^No 
(7*!J; it is a subgroup of G^. 

Definition 4.8. We say a coherent system (f: Ox[n]o ~^ ^ admissible if both J and 
coker(^ are admissible. We say it is stable if it is admissible and Aut^et^ is finite. 

Since cokeup has dimension zero and H is pure, is admissible implies that 
cokeiip is away from the singular locus of X[n]o. Wc adopt the convention that any 
coherent system on a smooth Xt is admissible and stable. We define families of 
stable coherent systems in the same way as families of stable quotients. We have 

Proposition 4.9. Letip: Ox bean S-flat family of coherent systems on an ex- 
panded degeneration {X,p) G X{S). Then the set {s & S \ ipg-. Qx^ 3^s is stable} 

is an open subset of S . 

We form the category ^x/e of families of stable coherent systems. We have 

Proposition 4.10. ^x/c is a Deligne-Mumford stack locally of finite type. 

Accordingly, we have the following relative version. 

Definition 4.11. We say a coherent system ip: Oy[„_,„+]o 3^ relative if both J 
and coker<^ are admissible, and coker<^ is normal to D±[n±]Q. We say it is stable 
if it is admissible and Autigy is finite. 
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Proposition 4.12. Let ip: Oy 3^ be an S-flat family of relative coherent systems 
on {y,V±). Then the restriction ^p-v^ ■ Ov+ — > 9^|x>+ and (pT>_ ■ Ox>_ — >■ 3^\v_ are 
S-flat families of quotient sheaves on V+ and V- . 

Proof. This is because for a family of relative coherent systems ip : Oy 3^, cokevip 
is away from P+ and P_. Therefore, the restrictions ip-p^: Od^ ^\ti+ and 
ipT>_ ■ Od_ 3^|x>_ are surjective. The flatness follows from Corollary 3.4. □ 

We form the stack ^xi±cs) of families of relative coherent systems. Analogue to 
Proposition 4.10, we have 

Proposition 4.13. ^Sj.c2) is a Deligne-Mumford stack locally of finite type. 

4.3. Components of the moduli stack. The moduli stacks Quot^/^ and ^je/c 
can be decomposed into disjoint pieces according to the topological invariants of 
the sheaves. We will discuss the case for Quot scheme; it is the same for the moduli 
of coherent systems. 

We use Hilbert polynomials to keep track of the topological data of quotients. 
For any coherent sheaf 3^ on an {X,p) G and for a closed s £ S, denote 

3^s = 3^\xs ^^'^ define 

Let P{v) be a fixed polynomial. We define £luoi^y^(k) c i!3uoi^/|r(k) be the 

subset consisting of [ip: Ox[n]o 3] G Ouot|/2;(k) so that x§ = P- Since the 
Hilbert polynomials of a flat family of sheaves are locally constant in their parameter 
space, 0uot^y^(k) c Quot^/2;(k) is both open and closed. Thus it defines an open 

and closed substack Ouot^y^ C Ouot^/g;. 

Similarly, we let q : Y ^ X and p : Y[n-,n+]o — >■ F be the projections; for a 

sheaf 3 on y[n_,n+]o, wc denote x^^iv) = x{3 p* q* H'^'") ■ We define the open 
and closed substack Quoi^^^^ C Quoi^^^^^ be so that Quoi^j^^^^ik.) consists of 

relative stable quotients (j): p*V — > 3" such that Xs- = P- 

For moduli of coherent systems, following the same procedure, we have open and 
closed substacks '^'^/t of ^^e/e: ^■'^d '^j^^q^^ of ^2)±c2)- 

We state the main theorems of the first part of this paper whose proofs will 
occupy the next section. 

Theorem 4.14. The Deligne-Mumford stacks Ouot^y^ and ^^/g are separated, 
proper over C, and of finite type. 

Theorem 4.15. The Deligne-Mumford stacks Ouot^^^^^^j and ^^^q^sq ^'"'^ sepa- 
rated, proper and of finite type. 

5. Properness of the moduli stacks 

We apply the valuativc criterion to prove Theorem 4.14 and 4.15. Wc let S be an 
affine scheme such that r(Os) is a discrete valuation k-algebra; let rj and ?7o G 5 be 
its generic and closed point. We will often denote by 5' ^ /S a finite base change; 
in this case wc denote by 77' and ryg its generic and closed points. 

For any quotient homomorphism cj) : p*V 3 on {X,p) S X(S'), we denote by 
(l)n and <prio the restriction of (f) to Xn = X Xs r] and Xr,g , respectively. 
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Proposition 5.1. Let {S,ri,r]o) be as stated. Given any ((/),,, A"^) e O.uot^'^^{ri) , we 
can find a finite base change S' ^ S so that (0^, A:"^) 77' e 0uot]^y^(?7') extends 
to a family in 0.uot^'^^{S'). Further, the same conclusion holds for Quoi^^^t^. 

Proposition 5.2. Let {S,r],r]o) be as stated. Given {(pi, Xi), {(p2,X2) e £)uot^^^(5'), 
any isomorphism X5 r/ = (^2, -^2) Xs V in Q.uot^'^^{ri) extends to an iso- 

morphism = ((^2, -^2) in Quot^^g(S'). Further, the same conclusion holds 

We need an ordering on a set of polynomials. 

Definition 5.3. We let A* C Q[k] be the set of polynomials whose leading terms 
are of the form with a.^ £ let A = A* [J {0}. For any f{k) = OrTr + • • • 

and g{k) = bg^ + • • • in A*, we say f{k) -< g{k) if either r < s, or r = s and 
ttr < bsi we say f{k) ~ g{k) ifr = s and = 6s. We agree that is -< to all other 
elements. 

For convenience, we use =^ to denote ^ or w. 

Lemma 5.4. The set A satisfies the descending chain condition. 

Proof. For any sequence /i(fc) )>= ,f2{k) )?=•••, since is the minimal element in 
A, we can assume fi{k) ^ for all i. By Definition 5.3, we know the pairs (r, a^) 
of the degrees and the leading coefficients of polynomials fi (k) decrease according 
to the lexicographic order. Since the pairs consist of non-negative integers, we can 
find an integer n, so that fn{k) ~ ,fn+i{k) ~ • • • . □ 

5.1. The completeness I. Let (5*, 77,7/0) be as stated in the beginning of this 
section, and — > C be a scheme over C; let (</)^ : p*V IF^) e 0uot^^^(?7) be a 
quotient on € ^iv)- this subsection, we assume Af^ is smooth. Since 

the case where S ^ C sends r/o to C — is trivially true, we assume it sends t]o to 
G C. 

Lemma 5.5. We can extend 4>rj to a family of S-flat quotient 4> '■ P*^ 3^ on an 
{X,p) G X{S) such that Aut3e0^o finite. 

Proof. Since Af^ is smooth, S ^ C sends rj G 5 to a point in C — 0. Using that 

S' is a C-scheme, we define X = X Xc S, and denote p : X ^ X the projection. 
Because Grothendieck's quot-scheme is proper, the quotient on X^i extends to a 
quotient (f) : p*V — > 3", flat over S. Since X^/^ has no added A;, Aut^^^^ is {e}. □ 

We will show that by varying the extensions {X,p) G of X^j, we can de- 

crease Err?',,;, while keeping Antx4'rio finite. By the descending chain condition, 
this implies that we can find an extension with stable quotient at special fiber. 

Lemma 5.6. Let (j)n : p'^V 3^^^ be a quotient as in Lemma 5.5, and let cj) : p*V ^ 
J be an S-flat quotient that extends (f)n with Aut^e^^^ finite. Suppose ErrJ^^ ^ 0, 
then we can find a finite base change S' S, an S' -flat quotients (j)' : p'*V — )• J' 
on {X' ,p') G X(5") such that 

(1) X!^, = X^ rj' G 'X.{ti'), and under this isomorphism 4>'^, = (prj Xr; v' ! 

(2) Autx{(f)'/) is finite, and 
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(3) Errj;, ^Err:F^„. 

We prove the Lemma by proving a sequence of lemmas. Since S is local, 

X = X[n] Xc[n] S for a e : S" ^ C[n] 

such that ^{rjo) = G C[n]. We let u be a uniformizing parameter of S. Denoting 
by TTn : C[n] — >■ A"+^ the projection, we express 

(5.1) 7r„o^= (ciu'^S...,c„+iM^"+i), c, er(Os)*. 

(r(05)* are the invertible elements in r(05').) Since ^(r/o) = 0, all Ci > 0. Since 
ErrJ'^Q ^ 0, we pick an 1 < Z < n so that 

degErr;J^„ = degErrJ^^. 

We let 

n : C[n\ X On ^ C[n + 1] 
be induced from the A"+i x A"+2: 

(5.2) (ii,--- ,tn+i,(T) 1-^ {ti,--- ,ti-i,a^\a~^Hi,ti+i, - ■ ■ ,i„+i). 
We then introduce 

6 = o (^,id) : 5 X On ^ C[n] x ^ C[n + 1], 

and let X' := ^fX[n + 1] over S x Gm be the pull back family. Because of the 
canonical isomorphism T;*X[n + 1] = x Gm as families over C[n] x Gm, 

X' ^ CX[n] xGm = X X Gm. 

We let p' : X' ^ X and tti : X' ^ X he the projections. 

We let (j)' — nl(j) : p'*V ^ J' be the puUback quotient sheaves (of (p). Since 
{X',p') is induced hy : S x Gm — >■ G[n + 1], the family of quotients (f)' induces a 
C[n+ l]-morphism 

(5-3) : 5 X Gm ^ Quot^*Jfi]/c[„+i]- 

For simplicity, we abbreviate £1 = Quot^j^^^^jy^-^j^^-^j. 

We now construct a regular Gm-surface V and Gm-morphisms that fit into the 
following commutative diagram 

^ — n i-p'^'P 

> U :— ^uot^j^_|_^j^^j^_|_^j 

fi 




C[n + 1] 

so that TT o J : V ^ C[n + 1] is proper. 
We first loot at the composite 

(5.4) o 7r„ : 5 X Gm ^ G[n + 1] ^ A"+2; 

it is given by 

O 7r„(u, t) = (ciM^'i , . . . , Cl-iu'"-^ , Clt~'"u'"- , 61+^"'+' c„+iu'="+i ). 
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We embed S x Gm C S x via the embedding Gm C so that the induced 
Gm-action on is = at. We then blow up 5 x A^ at (r/o, 0) G 5 x A^, let S be 
the proper transform of 5 x 0, and form 

V = bl(^„,o)5 xA^-S. 

Note that V C x A^ x A^ is defined via u = vt, where v is the standard coordinate 
of the last A^ -factor. 

By construction, (5.4) extends to a — > A"+^, in the form 

(5.5) {V,t) !-)■ (ciu'=S...,Q_iM'='-Si'=Sc;t;'",c;+iu'='+S...,c„+iu'=''+i), u = vt. 

Because C[n + 1] — t- A"+^ is proper over a neighborhood of G A"+^, and because 
aU a > 0, (c.f. (5.1)), V A"+2 lifts to a unique 

extending ^; : 5 x Gm — >■ C[n + 1]. 

Wo let Gm acts on S' x A^ X A"^ be {u,t,v)°' — (u, at, a^'-v). It leaves V C 
5 X A^ X A^ invariant, thus induces a Gm-action on V. We let E C V' he the 
exceptional divisor of V ^ 5 x A^; let E' C V be the proper transform of % x A^. 
In coordinates, E = {t — 0) and E' = (v = 0). 

By construction, /; is a morphism from V' — E to O. Since £1 is proper over 
C[n + 1], fi extends to fi : U — > for an open U C V that contains V — E and 
the generic point of E. On the other hand, since all schemes and morphisms are 
Gm-equi variant, U <Z V can be made Gm-invariant. Therefore, either U = y or 
U = V' - {o}, where {o} = En E' . 

We now consider the case U = V' — {o}. Since is proper over C[n + 1], after 
successive blowing up, say 

h:V ^V, 

we can extend fi :V' — {o} Q to a, morphism 

Since all the relevant schemes and morphisms are Gm-equi variant, we can make the 
blowing-up V ^ V Gm-equivariant and the extension j Gm-equivariant. 

Since V ^ V is a. Gm-cquivariant blowing up, and since the Gm-action on 
the tangent space of the (only) fixed point o £ V has weights e; and — e;, the 
exceptional divisor ofV^V can be made a chain of rational curves Si, . . . , S^. 
We let So C V" (rcsp. Sfc+i C V) be the proper transform of E' C V (resp. 
E C V); then possibly after reindexing, 

S:=SoUSiU...USfcUSfe+i 

forms a connected chain of rational curves; namely, Sj fl Sj+i ^ 0, for < « < /c. 
Using the explicit expression (5.5), we conclude that under the morphism 

(5.6) 7r„oe;o6:y ^A"+2, 

Si, . . . ,Sfc are mapped to G A"+^, and So (resp. Sfe+i) is mapped to the line 
ii = {t, = 0,i^l}c A"+2 (rcsp. (i+i C A"+2). (Recall Sq is the proper transform 

of {v = 0) and Sfe+i of {t = 0).) 

The proof of Lemma 5.6 will be carried out by studying the pull back of the 
universal family of Q via J : F — >■ Q. We fix our convention on this pull back 
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family. In the remainder of this subsection, we denote 

(5.7) {p:X = X[n+ 1] Xc[„+i] V ^ X) e X{V); 
we denote $ the universal family on Q and denote = J*<&: 

(5.8) 4>:p*V — >J on p: X ^ X. 

For any closed subscheme A d V, wc use (pA to denote the restriction of (p to 
Xa ■■= X Xv A: 

4>A ■■ P*A^ — > 3^A on pa: Xa^ X. 

Lemma 5.7. The family 4> is Gm-equivariant, where the Gm-action is the one 
induced from the G-m_-morphism j. The chain of rational curves S is Gm-invariant, 
and the Gm-fixed points of Sj are = D and Qi+i- 

Proof. The first part follows from that j is Gm-equivariant. The second part follows 
from that V ^ V is a successive Gm-equivariant blowing up, and that Gm acts on 
the tangent space TqV with weights e; and — e;. □ 

Lemma 5.8. The fiber of Xs„ over a 7^ G So (resp. a = qi) is X[n\Q (resp. 
X[n + l]o); the family ^ smoothing of the divisor Di C Xg^ = X[n + l]o- 

The Gm-action on Xg^ = X[n + l]o leaves all Aj c X[n + l]o except A; fixed, and 
acting on A; with fixed loci Di U fj+i . 

Proof. By the construction of X[n + 1] — > C[n + 1], for the l-th coordinate line 
£1 C A"+^, X[n + 1] X4r,+2 £1 is a family over £1 whose fiber over a ^ e £1 is 
isomorphic to X[n]o, and whose fiber over G li is isomorphic to X[n + l]o; the 
family is a smoothing of the l-th singular divisor Di C X[n + l]o- 

Applying this to the Lemma, knowing that Sq A"+^ (cf. (5.6)) is mapped 
onto the coordinate line ii, the first part of the lemma follows immediately. 

For the second part, we need to understand the Gm-action on 

X[n + l]e, := X[n + 1] Xa„+2 £1. 
Recall the Gm-action on A"+^ is via 

{z^ = {Zi, 2;;_i, cr"' Zi, a'''' Zi+i, Z1+2, Zn+2)- 

By the construction of X[n + 1]/G[n + 1], this G,n-action on X[n + l]o leaves 
Ai C X[n + l]o except A; fixed, and leaves A; invariant with fixed loci Di U -Dj+i. 
(This can be seen using explicit description of X[n+ 1]; it is also apparent in case 
n = 0, since then I — 1 and the Gm-action on Aq can only be trivial.) This proves 
the second part of the lemma. □ 

We have a parallel Lemma. 

Lemma 5.9. The fiber of X-^^^^ over a ^ qk+i € '^k+i (resp. a = qt+i) is X[n]o 
(resp. X[n+ l]o); the family X^^^^^ is a smoothing of the divisor A+i C Xg^^^^ = 
X[n + l]o. The Gj^-action on Xg^^^^ leaves all Aj c Xg^^^^ except A; fixed, and 
acting on A; with fixed loci Di U . 

Using that the families over S^, 1 < i < fc are all pull backs of the central fiber 
X[n + l]o over £ G[n + 1], and combined with the results proved in the previous 
two Lemmas, we have 
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Lemma 5.10. For I < i < k, X^. = X[n + l]o x S^; the Gm-action on X^. are 
the product action of the Gm-action on Sj, and the Gm-action on Xg^, (which is 
identical to that on Xg^^^). 



So 91 Si Sj. 9fe + l Sj._|.i 

Figure 4. In the figure, the slated hnes represent A^; the horizontal 
lines represent X E^; the arrows represent the Gm-action; lines w/o 
arrows are fixed by Gm- 

In the figure, the left column represents X^g , of which only A;_|_i x Sq (the top 
parallelgram) and the 6 are shown. The piece 6 is the blowing up of Ai_i x Sq 
along Di X qi, where Ai-i c X[n]o. We endow O with the Gm-action induced 
by the prodiict action on X[n]o x Sq, where Gm-acts on A;_i trivially, and acts 
on So by that induced from the Gm-action on V. The family X-^^ is by replacing 
Ai_i X So C X[n]o x So with 6. 

The right column represents ^Sfc+i • The piece O' C <^Efc+i is constructed simi- 
larly: it is the blowing up of A; x Sfe+i along Di x qk+i] the total family Asj.^! is 
by replacing A; x S^+i in X[n]o x S;j+i by Q' . The Gm-action is the one induced 
from the product action on X[n]o x Sfc+i, where the action on X[n]o is via the 
trivial action, and on T,k+i is via the one induced from that on V. 

The next lemma explains the role of the families Xj^- in our proof of Lemma 5.6 

Lemma 5.11. For a e So — gi or a G S/;+i — qk+i, <pa '■ P^y ~^ 

on Xd is 

isomorphic to <pri„ : p*^^ V — > y.q„ . 

Proof. We comment that since G[n-|- 1] = G x^i A"+^, a morphism h : S ^ G[n-|- 1] 
is given by a pair of morphisms h' : S ^ C and h" : S ^ A"+^ so that their 
corresponding compositions S ^ C ^ and S — > A"+^ — > coincide. 

We pick a morphism (pi : S ^ V that is the hft of 5 = S" x 1 S" x Gm- By 
the description of V ^ V ^ A"+^ (cf. (5.5)), we see that <pi{r]o) € V lies over 

(...,0,1,0,...) eA"+2, thus (^1(770) e Sfe+i 

By the construction of (fi, we see that the composite j o ipi : S ^ V ^ Q. 
coincide with the restriction of /; (cf. (5.3)) to 5 x 1: j o ipi = fi\sxi- Since /; is 
induced by the family <p, we obtain 

0=(jo^l)*$ = <pt^, 

where <I> is the imiversal family of Q. Let a' = (^1(770); this proves ^a' — 'Pm- 
Finally, since all points in S^+i — qk+i form a single Gm-orbit, for a € S/j+i — qk+i, 
= = (p^^. This prove the part of the Lemma for the case S/j+i — Qk+i- 
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For the other case, we let (p2 ■ S ^ V bo the hft of (Is, p) : 5 — > S' x A^, where 
p : 5 — >■ A-^ is via p*{t) = u. By the construction, we see that <f 2(110) <E So — gi. 

We let hi = IT o JO ipi : S — >■ C[n+ 1] be the composite of with the tautological 
V — C[n + 1]. By inspection, we see that the composites of hi and /12 with 
C[n + 1] — > C are identical, and their composites with A"+^ — > A^ are of the form 

h'liu) = {--- ,l,ciu'',---) and h'i{u) = {--- ,u'',ci,---). 

Here the expressed terms are in the / and {I + l)-th places, and the omitted terms 
of h'{ and /ij are identical. 

We let Xi := X[n + 1] S. Using the isomorphism fij'^x m (2.9) with 
I =[n + 2]- {1} and /' = [n + 2] - {/ + 1}, we conclude that 

(1) the generic points hi{ri) and ft.2(??) lie in the same G^^-'^-orbit; 

(2) there is an isomorphism Xi = X2 extending the isomorphism Xi Xs rj = 
'^2 XsV given by the G^+^ -action in (1). 

Let (p2(p be the pull back of (p via </72 : — > it is an 5- flat family of quotient 
sheaves on X2. Since (piirj) and ip2{'rj) lie in the same Gm-orbit in V, (following 
from the construction,) we have an induced isomorphism 

(5.9) {vl(f>)n ^ i'P2'f>)n- 

(Recall {(pl4>)n = {'Pi4>) Xs V-) As the G^+^-action on Q is induced by the G^+^- 
action on X[n + 1]/C[n + 1], the isomorphism (5.9) is compatible with the isomor- 
phism Xi Xs ri = X2 Xs 1] in (1). 

Finally, using Xi = X2 given by (2), we pull back the family </> on Xi = X 
to a quotient family <j) on X2; knowing that the isomorphism Xi = X2 extends 
the isomorphism {Xi)r, = (^2),, given by (5.9), the isomorphism (5.9) gives an 
isomorphism {(j))^ = {(p24')v 

Let P2 : X2 ^ X he the projection. Since both (j) and tp^^ are 5- flat family of 
quotient sheaves of P2V, and are isomorphic as quotient sheaves over the generic 
fiber of X2/S, by that £J is separated, we conclude ^ = ip2<p- This implies 

as quotient sheaves on X[n]o. In the end, using that Sq — is a single Gm-orbit, 
(pa = (pno for all a G Eq — ; the Lemma follows. □ 

Lemma 5.12. The sheaf ^Fg^ (resp. 3^q^.^-^) is normal to Di (res. Dj^i). Let 
A;* = A; — D; U -Dj+i; the restriction (/'gjA* (resp. (^5fc^.jA* ) is Gm-invariant. 

Proof. We prove the case for 3^q-^ . We consider the 8 C Aso mentioned before 
Lemma 5.11. Let 9* = 6 - closure(<?So - 9). We let bl : 9 ^ Ai_i x Sq be the 
blowing up morphism, and g be the composite 

5:e*^eAAi_i xEo^Ai_i. 

Let pi-i : Ai_i — > X be the tautological projection, let 3^^j_i be 3^no\A,_i 
qTiotient by its subsheaf supported along DiUDi-i. By Lemma 3.2 and Proposition 
3.3, 3^J';_i is normal to both Di and -D(_i. 

We consider the quotient on A;_i induced by <Pno\A,_i' 

^Ih-.pUv^j'/^li.i. 
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We claim 

(5.10) g*0t'i =0sole- 

First, we know that is a blowing up of A;_i x Sq along Di x 0, and that G„i-acts 
on O via the trivial action on A;_i and that on Sq with the only fixed point qi. 
Second, wc know that • Peo^ ~^ -^^o Gm-equivariant, and for an a G Sq — gi, 
= (l>no ■ From these two, we conclude 

(5-11) 9*4'l-i\@.-x,, -^^o\e'-x,,- 

To conclude the claim, we notice that the isomorphism 

(5-12) 5*Pr-iV|e._^,^=PEo^le-^<,. 

which is part of the isomorphism (5.11), is the identity map of the pull back of V 
via the tautological projection; 9* — Xq^ X. Thus (5.12) extends to a 

(5.13) 9*pUV\e^=P*j:,V\e'. 

On the other hand, the family Pe^VIo* — )• 3^So|e* is flat over Eq. By the unique- 
ness of flat completion of quotient sheaves, the claim follows if we can show that 
g*Pi_-^V 9*3^1-1-1 is flat over Eq. 

Since S^i'll is normal to Di, by Proposition 3.3, is flat along the normal 

direction of Di C A;_i. Thus g*3^i-\ is flat along the normal direction of the 
exceptional divisor of 0* A;_i x Eo- Applying Proposition 3.3, we conclude 
that it is flat over Eq, and in addition, g*3^i'\\Q,^jj; is admissible. 

This proves that 3^g^ is normal to Di. It is Gm-equivariant because (pSo is Gm- 
equivariant. □ 

Lemma 5.13. For all 1 <i < k, we have 

(5.14) Err; J,^ + Err,+i J,, = Errj J,.^, + Err^+i . 

Suppose for an 1 < i < k, ErrjJ'g^ -< Errj+iS'g^ and ErrjJ'g^^j )p Errj+iIFg^^j , then 
forae Ej - {qi,qi+i}, 

(5.15) EriiJg^ + Err,+i3F^, >- Err; J, + Ern+iJa- 

Proof. Since 3" is flat over E, we get x(3^gi ('*')) = x(3^gi+i(^)) for all 1 < i < k. 
Moreover, since Gm leaves Aj flxed for j ^ I, we know the restriction of 5" to 
(X[n -|- l]o — A;) X Ej is a constant family of sheaves parameterized by Ej for all 
1 < i < k. Therefore, for any j IJ + 1, the quantities ErrjJ'a are the same for 
all o € Ej. If we let ^ be the quantities associated to sheaf defined as 6i^i in 
Lemma 3.17, then for j ^ I, Sj Q (resp. Sj -^) are the same for all a £ Ej. 

Applying identity (3.7) in Lemma 3.17, and subtracting these identical quantities 
from the right hand side of (3.7), we conclude that 

(5.16) Err; J„ + Err^+i J„ + i(5;«o + ^li) 
have the same values for all a e Ei U . ■ . U Efe. 
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Since by Lemma 5.7 and 5.10, qi,qi+i G Si are Gm-fixed points of Si, and Gm 
acts linearly on A; with fixed locus Di U we know the restriction of (j)q^ to A^* 

is Gm-invariant. Moreover, for 1 < Z < fc, 

: pl^ 

is the pull back of a quotient sheaf on Di via the projection A; Di. Applying 
Lemma 3.18, Sf^ = 5f\ = for 1 < Z < fc. For the same reason, we have <5f.^i o — 
Sf]^-^ ^ = for 2 < i < fc + l. The identity (5.14) follows from that (5.16) takes same 
values for a = (71 , • • • , qu+i- 

Next we prove (5.15). By (5.16) and the previous argument, for any a G Si, 

(5.17) Err; J,^ + Err^+i J,, = Err; J„ + Err;+i?„ + ]^{6l^ + S^^) 

Applying Lemma 3.13 and 3.14, for a £ Si — {gi,gi+i}, we have 

Err;?,, = Err; and Ern+iJg.^^ = Err^+i 
Therefore, (5.17) gives us 

Err;+i J,, = Err;+i3Fq.^, + ^{SIq + Sf^-^), a € Si - {qi, qi+i}. 
Applying (5.14), we also have 

Err;J,,^, =Err;J,, + ^(^;«o + '5"i)- 

Now suppose for a 1 < i < fc, Err^J,; -< Errj+iJ'g; and Err/J'g.^j ;>= Err^+i^g.^j. 
Then deg{6fQ + Sf-^) = degErr;+i 3"^, > degErri9^q;. Therefore, in the identity 
(5.17), the degree of the left hand side is equal to the degree of the last term on 
the right hand side; because of the weak positivity of (5"q + 6fj^ proved in Lemma 
3.18, (5.15) follows. ' ' □ 

Proof of Lemma 5. 6. For any quotient 4>r) '■ pj) V — >• and its extension to an 5-flat 
quotient (}> : p*V "J such that ErrJ'^j, 7^ as stated in the Lemma, according to 
our construction, we pick 1 < Z < n so that 

degErriJ^o = degErrJ^^, 

and form a regular Gm-surface V, together with a family p : X ^ X m X(F) and 
a Gm-equi variant quotient (j) : p*V ^ J on X . 

We further find a connected chain of rational curves S = Sq U • • • U Sfe+i in V 
so that the restriction of to S satisfies the properties stated in Lemma 5.11 and 
5.12; 

According to Lemma 5.12, we know 

= ErrzJ^, ^ Err^+i = Err, ^ 

and = Err,+iJq^^j ^ Err;^",,^^^^ = Err^J^g 7^ 0. By (5.14) in Lemma 5.13, we 
can find a Si, so that the assumptions in Lemma 5.13 ErrfJ'q^ -< Errj+iS^^^ and 
'Eivvi3^q.^^ >p Errj+iJ'g^^j are satisfied. For such i, 

Err(J,, + Err,+i >- Err, + Err,+i Ja, a G S^ - {qi, ft+i}. 

Moreover, ifalA* is not Gm-invariant by the non-vanishing of its associated quantity 
+ via Lemma 3.18. By our choice of /, we conclude that ErrJ'g. >- ErrJ'a. 
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Combined with Errlfq. = EirJ'rio , wc have the ErrS^a -< ErrS^^j, , and dim Autx ((pa) < 
dim Aut3e(0,,o)- 

Finally we find the desired curve S' C V. Because V is smooth at the point 
a, and b : V ^ V is a sequence of blow-ups whose exceptional divisor contains 
a, we can find a smooth curve S" C V that contains a, and that the composition 
S" ^ y — >■ X — >• 5 is non constant, thus branched at tjq = a € S' , and S' S 
is finite. Furthermore, we can take such S' so that its image in V' is not contained 
m E' U E C V' . For such an S' C V, the induced family of quotients (f)' = (j)s' on 
p' : X' = X Xv S' ^ X satisfies the properties stated in Lemma 5.6. □ 

5.2. The completeness II. We complete the proof of Theorem 4.14 and 4.15 by 
working out the remainder cases. 

Let (5, 77, ?7o) be as stated in the beginning of this section. We prove a Lemma 
analogous to Lemma 5.6 for O.uoi^^^. 

Lemma 5.14. Let (0,,,^,,) £ 'O.uoi^^^{ri) , and let (j) ■ P*'Vo 3^ be an S-flat 

extension of (j)rj over {y,p) G 2)(S'). Suppose X) is smooth, Autsgi/i,,^ is finite, and 
ErrJ'rjo ^ 0. Then we can find a finite base change S' — >■ S, an S'-flat quotients 
(f>':p'*Vo 3" on {y,p') G a)(S") such that 

(1) y^, = 3^^ x^ ry' e 2}(?7'), and under this isomorphism (j)'^, = ^riV' ! 

(2) Aut(g(0^^) is finite, and 



(3) ErrJ' , ^ ErrJ, 
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Proof. We follow the same strategy used to prove Lemma 5.6. Since S is local, 
we can find a ^ : 5 A"-+"+ so that ^(770) = and ^ ^*F[n-,n+]. Since 
ErrJ'^g ^ 0, we pick an I so that as polynomials, 

degErrjJ^g = degErrJ^^, — n_ - l<Z<n+-|-l, I 

Here we agree that Err_„__i = Err_ and Err„_^+i = Err+ (cf. (3.10)). Without 
loss of generality, we assume Z > 0. 

We let u be a uniformizing parameter of S, and express 

(5.18) e= (c-n_ •,c„+ Ci&T{OsT- 
Since ^(r?o) = 0, all e, > 0. We let 

r; : A"-+"+ X On A"-+"+, n'+=n+ + l, 

be defined by 

(5.19) (i-n_, • • • , ; o") 1-^ (i-n_, ' ' ' , ti^i , a~^' ti , ti+i, ■ ■ ■ ,tn+). 
(In case I = 1, wc replace = to by t_i.) Wc then introduce 

6 = r/ o (e, id) : 5 X G„, ^ A"-+"+ x On ^ A"-+"'+, 

and let y' := ^;*y[n_, n^] over S x Gm be the pull back family. By the construction 
of Y[n-,n+], we have y ^ T^l^-, «+] x = 3^ x G^. We let p' -.y and 
TTi : y ~> y he the projections. 

We let (j)' = nlcj) : p'*V — >• J' be the puUback quotient sheaves. By the uni- 
versal property of Grothendieck's Quot-scheme, the family induces an A"-"'""+- 
morphism 

(5.20) fi-.SxGn,^ Quot^''"'"'^ . 
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Mimic tlie proof of Lenima 5.6, We construct a regular Gm-surface V and Gm- 
morphisms that fit into the following commutative diagram 

V L^Quot"*^-^ „ 

5 X Gm ^- > A"-+"+ 

SO that TT o J : 1/ — >• A"-+"+ is proper. 

Once we have the surface the pull back family over V from j, wc can repeat the 
proof of Lemma 5.6 line by line to conclude the existence of S" C 5 that satisfies 
the requirement of the Lemma. Since the proof is a mere repetition, we omit the 
details. This completes the proof. □ 

Proof of Proposition 5.1. We first prove the Proposition for Quoi^^t^. Let (</>,, : 

p*Vo J^) G Ouot^"^^2, (t?) be a quotient on (3^^,p^) G 2)(??). Then = 
y[n_,n+]o X Tj for some n^,n^ > 0. Following the convention (2.13), 

F[n_,n+]o = A_„_ U . . . U Aq U . . . U , 

where Aq = Y. 

In the remainder of this proof, we adopt the convention that W; = A; for — n_ < 

I < n-|_; following the rule specified after (2.14) we endow Wi the relative divisors 
i?;,- and by the rule: for I > — n_, = Ai_i n A;; for I < n+, = A; n 
Ai+i; £'-„_,+ = -D[n_]_,o and = -D[n+]+,o, where £)[n_]_,o and D[n+]+fi 

are the two relative divisors of Y[n^,n+]o. 

We let Wi^r, = WiX'i]Cyr,;we let Ei^±^r, = Ei^±xr] C Wi^ri, let pi,r, ■ Wi^ri ^ be 
the tautological projection, and let Gm,ri = Gm x V- We adopt the same convention 
when 77 is replaced by r]o or S. 

We consider 

(5-21) 0/,,, := (/-jjlw,,, : plr,'^ — > ^Lr, 

Since (^,, is stable, Ji^ri is normal to the relative divisors -Ej,±,?7 of Wi^rj- Because 
the Grothendieck's Quot-scheme is proper, we can extend t^;,,, to an 5-flat quotient 
family 4>i ■ P*i'^o 3^1 on Wi^s = WixS. 

In the ideal case where all 3^i,ria = ^i\wi ^„ are normal to Ei_±_na, then we will 
show that we can patch (pi to a quotient family 4> on Y[n-,n+\o x S whose quotient 
sheaf is admissible. Suppose further that its automorphism group Aut(g(^|,,„) is 
finite, this family will be the desired family that proves Proposition 5.1. 

In general, we divide the proof into several steps. We first take care of the 
automorphism groups caused by the Gm-action on Wi, I ^ 0. Suppose at least 
one of n_ and n+ is positive. For any n_ < Z 7^ < n+, suppose 4)i\wi is not 
invariant under the tautological Gm action on W;,,,o and Pi ^^Vq, we do nothing. 
Suppose it is invariant under Gm- We claim that is not a pull back quotient 

sheaf from Wi^rio D x rjo. Suppose it is a pull back quotient sheaf, then 5"; is 
fiat over S implies that ^F; is a pull back sheaf from W x S ^ D x S: in particular 
iFilw',^ = S^i^ri is a pull back sheaf from Wi^r/ D xrj. But this is impossible since 
(l)n is stable implies that 0;,,, is not invariant under the Gm-action, a contraction. 
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We continue to suppose 4'i\wi^,,g is Gm-invariant. This invariance together with 
that (pilwi^no is not a pull back sheaf from Dxr]o implies that 3^i\wi^^g is not normal 
to at least one of i?;,±.r(o C Wi.ri„- Therefore, by repeating the proof of Lemma 5.6, 
and possibly after a base change, we can find a ^; : — > Gm,ri so that under 

>WLr^ 

where f : Wi^j^ — > Gm,ri i^ '^i* Wi^rj V Gm,r], and the second arrow is the 
(jTO.Ty-action on Wi^r], the pull back family i^i{4>i,n) extends to a new 5-flat family 
(denoted by the same (pi) on Wi x S so that (pilwi is not invariant under Gm- 
For the modified families cfn, n_ < I < n^, our next step is to modify them so 
that they are normal to Ei^±^rjo <^ ^i,vo- We let €;,± C Wi over 2lo be the stack 
of expanded relative pairs of Ei^± c W;. (Like D± C 2) with D± c Y replaced 
by Ei,± c Wi.) Then e Quof^; /^^{ri). In case J/^^o = 3^i\wi,r,o normal 
to Ei,±,n„, which is equivalent to Err^F^„ = by the criteria Lemma 3.19, 3^i.ria is 
admissible and (pitvo is stable. Otherwise, by Lemma 5.14, we can find a finite base 
change 5; — )• 5 and an 5; -flat family of quotients (pl on (>V/,P;) so that, letting t/q 
and rj' be the closed and the generic points of S'l, 

(1) jj' ^ ^i.v that under this isomorphism cp'^ ,^, = 77'; 

(2) kniwM'i ri'J is finite; 

(3) Errj;, ^ ErrJ,„. 

If ErrJ"^^ is still nonzero, we repeat this process. By Lemma 5.4 on descending 

chain, this process terminates at finitely many steps. Thus we obtain an S';-famiIy 
of quotient family satisfying (1) and (2) above together with (3) replaced by 

Errj; = 0. Namely, {<!>[ : p'^Vo 3^1} G Ouoi^J/^^JS;'). 

In case Z ^ 0, we can say more of the symmetry of 0J ^, . When 1^0, ^/ = 
A U . . . U A, is the union of a chain of, say n/ copies, of A. We define 

(5.22) Autw„Gj<l>i,0 = ^9^ I 9 ■ i<I^U) = 'PUy- 

Here g ■ (0J is the pull back family of 0J under the G^"' action W,' W,' , 

and g ■ (d)', / ) = 05 / is the isomorphism as quotient families, using that p',*Vo\w , 

''Vo '■''0 ' 

is invariant under G^"'. It follows from the construction of (p'l and the proof of 
Lemma 5.14 that Aut Wi,G^{<f>'i is finite. 

By replacing each S'l by the fiber product of all S'l over S, we can assume all 
S'l = S' for a single finite base change S' S. Let rj' be the generic point of 
S'. We now show that we can glue the families (/); to a family (j)' G Quot^^^^aj (5") 
that extends (pr, x^r]' . Let W; over S' be the underlying family of Since 
is an extension of 0/^-^ x^ jy'i we have W; xs' rj' = W;,^ rj' . We let Si_± C 
be the closure of Ei^±^^ x^ rj C VFj^^ x^ ry'; Ei^^ C Wj is the the pair of relative 
divisors of e 211; (S"). Thus, they are smooth divisor in W; and £i^± = Ei^± x S' 
canonically. 

We then form the union Wj; using the canonical isomorphism Ei^- = 

Ei+i^+, we identify C Wi with C Wi+i for n_ < Z < n+, resulting 

a family, denoted by y' S' . Lot p' : 3^' — > y be the projection induced by 
p'l : Wi ^ Y, which exists. In conclusion, our construction of W (or 2)) ensures 
that (y,p') g2)(5'). 
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We let ii : W; — > y' be the tautological closed immersion. We claim that we can 
find a quotient family (j)' : p'*Vo — >• J' so that t'^(j)' = Indeed, since p'l : Wi ^ Y 
is equal to p' o n : Wi ^ y' ^ Y , we have canonical isomorphism l1p'*Vo = p'i*Vo- 
Hence, using the canonical p'*Vo i;*t;*p'*Vo = t.i*p[*Vo, we obtain quotient sheaf 
p'*Vo — > ii*3^i- We now verify that as quotient sheaves 

(5.23) {p'*Vo ^ H-u^l,) ^oy, 0., = {p'*Vo ^ iuS'l) ^Oy, 0.,is,,.y 

(Note (£;_!,+) = ii{£i-) C y .) First, the above two sides are canonically 
isomorphic after restricting to fibers over rj' £ S"; this is true because the two sides 
of (5.23) restricted to fiber over r]' are the quotient 0,, restricted to £';-!,+ x r/ = 
El - X 77 C yr^. On the other hand, since both and 0J are families of stable 
quotients, by Corollary 3.4, both sides of (5.23) arc flat over S' . Therefore, by 
the separatedness of Grothendieck's Quot-scheme, (5.23) holds. Consequently, the 
desired quotient family ^' exists. 

Finally, we check that </>' is a family in Quot^^^^sg (5'). The fact that </>' is 
admissible follows from Lemma 3.7; that K\\t-^{(j)'^,) is finite follows from that 
Autau, ((/)J ^/^) is finite for ^ = and (5.22) is finite for I ^ 0. This shows that 
4>' G Quot^°_^^2,(S"). This completes the proof of Proposition 5.1 for the stack 

The proof for Ouot^^g is exactly the same. In case cj) e 0uot^^u.(?7) has its under- 
lying scheme Xn smooth, then the existence of its extension to an cf)' S £}uot^^g(S") 
for a finite base change S' S follows from Lemma 5.5 and 5.6. In case X^i is 
singular, then it is isomorphic to X[n]o x 77. Like in the proof of the previous 
case, we split X[n]o as imion of smooth Aj and Y; study the extension problem for 
the restriction of ^ to Aj x 77 and 1^ x 77, and glue them to form a desired exten- 
sion. The proof is exactly the same to the first part of the proof. This proves the 
Proposition. □ 

5.3. The separatedness. We show the separatedness part in Theorem 4.14 and 
4.15. By valuativc critciria, this is equivalent to show that the extension of to (f> 
constructed in the previous subsections is unique. 

We prove Proposition 5.2 for smooth generic fibers, the others are the same. 

Proof of Proposition 5.2. Let ((/)i,A'i) and (02, -^2) G 0uot^y^(S') be two families 
of quotients, where S is as before, such that there is a p,, : A'l^^ — > X2,n in -^(j?) 
such that 01,^ = p*^4>i,rf 

Suppose : X\^.^ — >• X^^r] extends to p : Xi ^ X2, then p*(j)2 is a family of stable 
quotient sheaves. By the separatedness of the Quot-schemes, we have p*(j)2 — (pi- 
Adding that {p*4'2)-qo is stable, we conclude that p : Afi — > A2 is an isomorphism, 
and the Proposition is done. 

Suppose such an extension p does not exist. Instead, we will construct Xi G X(S'), 
and morphisms hi : Xi ^ Xi so that /ij : Xi^ = Xi ^j and the arrow h2lj° Pn°hi^rj : 
Xi^n X2.ri extends to an arrow h '. X\ — X2 • 

We express Xi as ^*X[ni] induced hy : S ^ C[ni] with ^i(?7o) = 0. Let m be a 
uniformizing parameter of S; we express 

TTui O^i = (ci,l'u''*'S...,Cj,„^ + lM''*'''*+') 
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as in (5.1). Because Xi^rj = X2,r) G X(r;), we have 

ni + l n2 + l 

(5.24) n:=Y^ eij = ^ ejj. 

We then define £,1 and £,i : 5 — > C[n] by the rule 

(5.25) 7r[„] o^^' = (ci,iu''''Sl...,l,Ci,2M''"',l,-.-,l,Q,n,+iw''""'+Sl,- •■,!), 
where after each term Ciju'^^'^ we repeat 1 exactly Cij — 1 times, and by 

(5.26) 7r[„] o = (ci,iu, M . . . , u, Cj,2M, u,...,u, Ci,„,+iu, m, . . . , m) , 

where after each term Ciju we repeat u exactly e^j — 1 times. 

We let A"/ = ^■*X[n] and let Xi = ^*X[n]. We describe the relations between 
these families. First, since (5.25) has the form of the standard embedding defined 
in (2.4), the families A/ = X, e X{S). Next, we let CTj,^ : 77 ^- be defined via 

aiju) = {u''^-'-\u''-^'-^ • • • , 1, u''^'--\u''^-'-^, • • ■ , 1, ye,,„, + i-l^ye,,„, + x-2^ . . . 

then ^- = (fi)'^'-''. Lastly, because Cij are elements in r(Os)*, from the expression 
(5.26), there is a cr : 5 — > so that ^1 = (^2)"^, which induces an isomorphism 
h : X\ = A2. 

Moreover, because in the coordinate expression of the morphism ai^n ■ V ^ 
all powers of u are nonnegative, the isomorphisms = induced by Ui,,, 
and the standard embedding (5.25) extend to morphisms hi : Xi Aj, and the 
restriction of hi to 770, hi^^jg : Xi^^^ — > Ai^^^, is a contraction of all components 

Aj C Xi^riQ except Aq, Ae^ ^ , Ae,_i+e,_2 7 • • • , Ae,_i + ...+ei_„. + i ■ 

We now show that the isomorphism c6i,,, = p*(/I)2.r; extends to ((61, Ai) = ((62, A2). 
We first prove eij — 62 j for all j. Indeed, using isomorphism Xi^^i — Xi^^ we define 
01, r, be the pull back of ^j,,, to Ai,^. Let 4>i on As be the 5-flat completion of ^i,,,. 
Such completion exists since the relative Quot-schemc Quot;^.^g. is proper over S. 

Since 4>i^Tio is stable, in particular admissible, one checks that the pull back of 
(l)i via hi : Xi ^ A; is flat over S. Then by the separatedness of the relative 
Quot-scheme, (f>i = h*(j)i. 

Then since <^i,^ = h*4>2,rt under the isomorphism /i : Ai — )■ A2, we must have 
^1 = h*4>2- This implies ei,i = 62,1, ei,i + ei,2 = 62,1 + 62,2, etc. Thus combined 
with identity (5.24), we conclude ni = n2 and ei.j = 62. j for all j. This implies 
that the arrow Ai^^ = A2,^ in X(?7) extends to an arrow Ai = A2 in X{S). By the 
separatedness of the Quot-scheme, we get (0i, Ai) = (^2, A2) in Quoi^j'^{S). This 
proves that nuot^yj. is separated. □ 

5.4. For the stable pairs. We now investigate the properness and separatedness 
of ^P^/e; and ^Jg^^sg. Let S = Speci? — >■ C with 779 and ry G 5 be as in the 
statement of Proposition 5.1. Let (pr) '■ Oxr, ~^ 3^v element in ^^^^{rj). We 

indicate how to find a finite base change S' ^ S and a (j)' : Ox' 3^' in ^^/^('S") 

so that <p' Xs' T]' = (j)rj Xr, T]' . 

By definition, </.' G Vx/ei^') if the following hold: 

(1) is a flat S"-family of pure one-dimensional sheaves; coker^' has relative 
dimension at most zero; 

(2) cokeri^' is away from the singular divisor of X^g ; 
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(3) J' is normal to the singular divisor of Xr^o ; 

(4) A\xi3i{(l)'^^) is finite. 

Let = cokcr((/)^) and let C be its support. We first study the case 
where X^j is smooth. In this case, following the proof in [Li02], possibly after a 
finite base change of 5, which by abuse of notation we still denote by 5, we can 
find an A" £ X(S') that extends X^ so that 

(a) the closmc of in X is disjoint from the singular divisors of X^^^; 

(b) for any added A C -Y^^ , we have A n ^ 0. 

Since the moduli of stable pairs over a projective scheme is projective (cf. 

[LP93]), we can extend (/)^ to a </) : Oy —> 5" that satisfies (1); because of (b), 
(4) holds as well. Suppose (2) is violated for the family (j), then by repeating the 
argument in Subsection 5.1, we conclude that by a further finite base change, which 
we still denote by S, we can find an extension (b of (6,, that satisfies (1), (2) and (4). 
In case the extension cp does not satisfies (3). Then because of (2), (j) : Ox ? near 
where 3^ is not normal to the singular divisor of X^j^ is a quotient homomorphism. 
Thus we can apply the result in Subsection 5.1 directly to conclude that we can 
find a finite base change S" — > and an extension (j)' £ ^^^^{S') of (/)^ as desired. 

The general case for and ^x>±cs) similar to the proof developed in 

Section 5. Since it is merely a duplication of the previous argument, we will not 
repeat it here. This completes the proof of the separetedness and the properness of 
Theorem 4.14 and 4.15. 

5.5. The boundedness. We prove the boundedness part in Theorem 4.14, 4.15. 

Proposition 5.15. The set Quoi^'^^^^{\i) is bounded. 

We quote the following known result (cf. [HL97]). 

Proposition 5.16. A set of isomorphism classes of coherent sheaves on a projective 
scheme is bounded if and only if the set of their Hilbert polynomials is finite, and 
there is a coherent sheaf 3^ so that every sheaf in this set is a quotient sheaf of 3^. 

These two Propositions imply that 0uot^^^(k) is bounded. We prove Propo- 
sition 5.15 by induction on the degree of the polynomial P{v). To carry out the 
induction, we need the following lemma. For simplicity, in the remainder part of 
this Section, we assume that _ff on X — ^ C is sufficiently ample. 

Lemma 5.17. Let W be either X[n]o or Y[n-,n+]o, and let p : W ^ Xq be the 
projection. For any coherent sheaf!! on W, there is an open dense subset U C \p*H\ 
such that each divisor V E U has normal crossing singularity; is smooth away from 
the singular locus of W, and 5" is normal to V. Moreover, if 3^ is normal to the 
singular divisors ofW (resp. the distinguished divisor ofY[n-,n+]o), so does 5F|y, 
viewed as a sheaf on W. 

Proof. Given 3^, we can find a finite length filtration 

C J<o C 5F<i C • • • C J<d = 

where 3^<k is the subsheaf of J consisting of elements of dimension at most k. Let 
Zk be the support of J<k] it is closed in W . Because H is sufficiently ample, \H\ 
is base point free. 
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We then let U C \p*H\ be the open subset of those divisors V e U that have 
normal crossing singularities; are smooth away from the singular locus of W, and 
do not contain any irreducible component of for all k. By Bertini's theorem, 
U is open and non-empty. For V & U, hy Definition 3.1, 3^ is normal to V if and 
only if no element of 3^<k is supported entirely in V. Because of the construction, 
U satisfies the requirement of the lemma. 

By the same reason, if 3" is normal, we can choose U so that in addition to the 
requirement stated, we have that for every V G U, all 3" and S^loi are normal to V. 
Therefore, 3^\v is normal to Di for all V G U. □ 

Remark 5.18. Following the proof of the Lemma, one sees that the set U in the 
Lemma covers every Di C X[n]o fo/y[n_,n_(.]oj up to finite points in that 

dim(A - UseuS n A) = 0. 

We state the following lemma due to Grothcndicck [HL97]. 

Lemma 5.19. Let W be a projective scheme with an ample line bundle h. Let V be 
a fixed coherent sheaf on W. Let & be the set of those quotients cf) : V ^ 3^ so that 
3^ is pure of dimension d. Suppose there is a constant N so that for any H € &, its 
Hubert polynomial 

X^{v) = adv"^ + ad-iv'^-^ + ■■■ , 
satisfies \aci\ < N and ad-i < N. Then & is bounded. 

Here we use Xs^i"^) = xC?® /i®") to indicate the dependence on the polarization 
h of the Hilbert polynomial of 3^. Also we use (</>, 3^) to abbreviate a quotient sheaf 

: V — > If when V is understood. 

Corollary 5.20. Let W and V be as in Lemma 5.19, and let N and d > be two 
integers. Let & be a set of quotient sheaves (j) : V ^ 1 on W . Suppose for any 

(0, 3) S ©, every subsheaf of J has dimension > d, and the Hilbert polynomial 
xM^) ~ o,mv"^ + • • • + ao satisfies \ai\ < N for i > d and ad-i < N. Then & is 
bounded. 

Proof We let &k = {((?i,5F) | degx^ < k, e &}. We prove that Gk are 

bounded by induction on k. 

When k = d, every sheaf 3^ in the 6^ is of pure dimension d. The result then 
follows from Lemma 5.19. We now suppose the statement is true for a fc > d; we 
will show that it is true for fc + 1 . 

For any quotient G 6^+1, we let 3'<k C 3" be the maximal subsheaf of 

dimension at most k. Since 3^ has dimension at most k + 1, 3'>fc := 3^/J<k is either 
zero or is pure of dimension k + 1. Also, the quotient homomorphism </) : V — > 3" 
induces a quotient ^>fe : V 3^>k', we let & be the set {(</>>*;, 3'>ft) | (</>, 3^) G 
&k+i}, and let 1 = {{(f><k ■ ^er<P>k -> 3^<fe) | {<P,3^) € &k+i}, where (p<k is 
induced from 4>>k- Let 

6fe+i — >e'xi, (j)^ {(i>>k,(i><k), 

which is injective. 

Since 3'<fe has dimension at most k, its Hilbert polynomial Xg-^ {v) = bkv^ + ■ • • 
has 6fe > 0. Since 

X%^M = xUv) - X'^^M = ak+iv''+^ + {ak - bk^ + ■■■ , 
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and by assumption ak+i and ak are bounded, we see that Uk — bk is bounded from 
above. Applying Lemma 5.19, wc see that & is bounded. It also implies that 
{ker(/)>fc I {4>,3^ € &k+i} is bounded. 

Finally, we consider the quotients (0<fc : ker0>fe — > 3'<k) & ^- Since J<k 
has dimension at most fc, and since the collection {kcr(i)>fc | (0,3^) S &k+i} is 
bounded, we can apply the induction hypothesis to obtain the boundedness of the 
set T. Therefore, S^+i is bounded since &k+i — s- S' x T is injective. □ 

For any polynomial f{v), we denote [/(w)]>o — f{v) ^ /(O), which is f{v) taking 
out the constant term. 

Lemma 5.21. Let D <zW he a divisor in a smooth variety W ; h he an ample line 
hundle on W ; U he a coherent sheaf on W , and B he a finite set of polynomials in 
V. Let & he a set of quotients (j) : 11 ^ £- so that for any (0, £) g (3, £ is normal to 
D and [x£(^)]>o S B. Then &d — {(0|_d,£|d) | (0, £) G 6} is hounded. Further, 
suppose {x(£) I {4>, £) £ 6} is finite, then & is hounded. 

Proof. For ((/>,£) G S, wc denote by 0>i ; U — > £>i the induced quotient homo- 
morphism. We claim that & = {(0>i,£>i) | G S} is bounded. Indeed, 

since B is finite, there is a constant M so that for any (0, £) £ S, the coefficients 
of {v) ~ a„w" + • • • + ao satisfy \ai \ < M for i > 1. Since £<i has dimension < 1, 
X£<i + ^0 has 6i > 0. Then 

X£>i (") = X£ (w) - X£<i («) = + • • • + a2«' + (ai - + (ao - &o) 

has |ai| < M for i > 2 and ai — &i < M. Applying Corollary 5.20, we conclude that 
S' is bounded. Thus, ai — 6i is bounded; thus by replace M by a larger constant 
if necessary, we have < M. 

We now study £|d. As (0, £) € J, £ is normal to D, thus both £<i and £>i are 
normal to D; therefore 

(5.27) 0^£<i|b ^£|d ^£>i|i3 ^0 

is exact. Since 6' is boimded, the set {((i)>i £>i jij) | ((,6. £) G 6} is bounded. 
On the other hand, since the leading coefficients bi of Xe<i i'^) fo'^ (</*) £) G © satisfy 
bi < M, using that the set of effective one-dimensional cycles in W of bounded 
degree is bounded, we conclude that the restrictions £<i|_d form a set of zero 
dimensional sheaves of bounded length. Therefore, the set {£<i|d | {<P, £) € &} is 
bounded. By (5.27), together with that {(0>i|_d, £>i|d) | (</<,£) G ©} is bounded, 
we conclude that &d = {{4'\d, £|_d) | (0, £) G 6} is bounded. 

Finally, assuming {x(£) | (0) £) G ©} is finite, then B finite implies that {Xe(^) I 
{4>, £) G ©} is finite. Since h is ample, by Proposition 5.16, we conclude that & is 
bounded. □ 

Let p : A ^ D be the ruled variety over D used to construct X[n]o; let D± C A 
be its two distinguished sections. Denote h = p*{H\£)), where H is sufiiciently 
ample on X, we form L = h{D+), which is ample. Let V be a locally free sheaf on 
X as before, and wc denote p*V = p*(V|£)). Let 03 be a bounded set of sheaves of 
OA-modules, and let B be a finite set of polynomials. For S € \h\, we denote by 
is ■ S ^ A the embedding. 

Lemma 5.22. Let ^he a set of quotients (j) '■ P*V — >■ £ on A. Suppose every £ e 91 
is normal to Z)+, x\\^ (^) G B, and there is a smooth S £ \h\ so that ts*(£|s) G 55. 
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Then the set {[Xg('y)]>o | {(f't^) G ^} is finite. Moreover, if there is an N so that 
x(£) < A'' for all {(j), £) e !EH, then is hounded. 

Proof. Let (</>, £) G ?l. By the proof of Lemma 5.17, we ean find a smooth S S \h\ so 
that £ is normal to S. Sinee £ is normal to D^^ £ is normal to the divisor 5" + Z?_|_. 
We can also require that £|s is normal to £>+. Using that L = Oa('S' + -D+), we 
obtain the exact sequence 

— )• £ (8) L"^ — £ — > £|s+D+ — > 0. 

It follows that 

(5-28) Xi\s^^^{v)=xi{v)-X'i{v-1). 

Using the exact sequence 

0^£|73+(-5nD+) ^£|s+z3+ ^£|s ^0, 

and ts*(£|s) € 5B, which is bounded, and Xei^ (^^) € B, by the standard argument 
used in Corollary 5.20, the set of quotients {p*V — >■ £s+d+} induced from (p*V 
£) G 9^ is bounded. Therefore, the set of polynomials {x^^^^ (^) I {4>i^) £ ^} 

is finite. By (5.28), the set {[Xe(^)]>o | (</>,£) G 9^} is finite. This proves the first 
part of the lemma. 

Moreover, when x(£) < A'' for all {(j), £) G 91, Corollary 5.20 implies that 91 is 
bounded. □ 

Lemma 5.23. Let : p*V £. be a quotient sheaf on A, and £ is normal to both 
£>+ and D- . Suppose there is an open subset U C \h\ such that every V & U has the 
following property: V is smooth; £ is normal to V ; dim(_D_ — fl = 0, 

and the restriction (l)\v ■ p*V\v — > £|y is Gai-invariant. Then 

X%^_{v) = x'ei^^{v). 

Proof. As before, we let £<i C £ be the subsheaf of elements of dimension at most 
1, and form the quotient sheaf £>i = £/£<i. Let (/>>i : p*V — > £>i be the induced 
quotient homomorphism. We claim that the tautological p*p*£>i £>i is an 
isomorphism. 

Since £ is normal to _D_, £>i is normal to D_. Thus wc have 

£->i{-D_) £>i £>ib_ 0. 

Applying , wc obtain 

— ^ p,(£>i(-D_)) p,£>i p*(£>i|d_) i?V*(£>i(-I?-)) = 0. 

Here the last term is zero because £>i is a quotient sheaf of p*V. We claim 
that p*(£>i(— I?-)) = 0. Suppose not, then it is supported on a positive di- 
mensional subset since A ^ D has dimension one fibers. Let A C D be an 
irreducible positive dimensional component of the support of p,(£>i(— -D_)). Be- 
cause dim(D_ - UvGuD- ClV) =0, the union U{p"^(A) n V \ V G U} is dense 
in p~^{A). Therefore, for an open S C D such that S H A ^, we have that 
£|p-i(5) ^ p*(£|D_ns)- Thus p,(£.>i{-D_))\s = 0, contradicting to 5 n A ^ 0. 
This proves p*(£>i(—Z)_)) = 0; consequently, p*p*£>i = £>i, and 
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Repeating the same argument, we conclude that £<i is supported at finite fibers 
of p : A ^ D. Since £ is normal to D_ and £<i is normal to D- and £>+ too. 
Thus x(£<i|r(_) = x(£<i|d+)- Therefore 

x%^_ {v) = xtiiz,_ M + x(e<ib-) = Xt,|,^ {v) + X(£<ib+) = X^i,^ (v). 
This proves the Lemma. □ 

In the remainder of this Section, we abbreviate Op := Quot]^^^jj.^(k). 

Proof of Proposition 5.15. We prove that Op is bounded by induction on the degree 
of the polynomial P{v). 

Suppose P{v) = c is a constant. Let (</>, 9^, X[n]o) S £}p. Then 5" is a zero 
dimensional sheaf such that its support is away from the singular locus of ^[n]o and 
its length is c. The stability of 3" implies that J|Ai is nonzero for every 1 < i < n. 
Therefore, n < length(S') = c. Applying Proposition 5.16, we conclude that Op is 
bounded in this case. 

Next we assume that for an integer d. Op is bounded when dcgP(w) < d — 1. 
We show that Op is bounded when P{v) has degree d. 

Let P be a degree d polynomial, and let J, X[n]o) G Op. By Lemma 5.17, 
we can find an 5 e \p*H\ so that it has normal crossing singularity; is smooth away 
from the singular locus of X[n]o; that 3" is normal to 5, and the restriction '3^\s is 
normal to the singular divisor of S. 

Let 3"' = is*{^\s) and cf)' : p*V — >• 5^' be the quotient homomorphism induced 
by (/). We have Xg-' (^') = ^'(^') - Pi-" - !)• By our choice of S, J' is admissible 
but not necessary stable. We let c {1, • • • , n} be the subset of indices k so that 
(/)'|Afc is not Gm-invariant; we let = 4j=Kp > 0, and let 

I4, :{!,.. . ,n^} A0 

be the ordcr-prcscrving isomorphism. Lot A^ be the complement of A^. We then 
contract all C A[n]o, i G A^, to obtain : A[n]o — > A[n<^]o. Let p' : X[n^]o 
Xq be the projection. Since <p' is admissible, and <p'\Ai is Gm-invariant for i G A^, 
there is a quotient 

: p'*V J'^* such that = pl{<f>T- 

Then ((^')'*>9"''*>^Mo) € Op^, where Pi{v) = P{v)-P{v-1). By the induction 
hypothesis, Opi is bounded. Therefore, there is an N depending on P only so that 

(5.29) < N. 

To proceed, we let pA : A — >■ £> be the ruled variety used to construct A[n]o 
with distinguished sections D± C A. Let h = Pa{H\d), where H is sufficiently 
ample on X (using iJ®"* if necessary), and form L = h{D+), which is ample. Let 
Hi = p*H\Ai; and let L, = Hi{Di), i > 0. We fix the tautological isomorphisms 

(5.30) Pi : A ^ Ai, so that h = p*Hi, L = p*Li, 
for all intermediate components Ai, • • • , A„ of X[n]o. 

Sublemma 1. The set {x"L. (v) | (0, J, X[n]o) e Op, i<n + l} is Unite. 
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Proof. Let N be as specified in (5.29). We first construct a finite sequence of 
finite sets Bi,B2,- - ,Bn+i and sliow that for any {(f>,J',X[n]a) e £}p, and any 
1 < I < n + 1, wc liavc X^^j-, (^) £ ^fe for some k. Tlris will prove the Sublemma. 

Let Bi = {x^°^ («) I (07 9^,-'^ Wo) e Qp}. Wc prove that Bi is a finite set. 
Indeed, by induction, we can find S € \p*H\ so that J' = ts*(3'|s) is admissi- 
ble, and Xs^'"{v) = P{v) - P{v - 1). Restricting to Aq = Y, since (J')'*|ao = 
3^'|ao; the induction hypothesis that Qp^ is bounded implies that {x^°\^ (^) I 
{{<i)'y\ {jy\X[n^]o) e Hp, } is finite. Therefore, 

(5.31) {[x^"^^ iv)]>o I (</>, X[n]o) G Op} is finite. 

Since Hq is ample on Aq, using Lemma 5.21, we know that {3^\di \ {^,3^,X[n]o) G 
£lp} is bounded. Therefore, Bi is finite. 

We define Bj>2 inductively. Suppose we have defined B^. Using the isomor- 
phisms (5.30), we define a set of quotient homomorphisms on A: 

= Ui>i{p*(</'|Aj I {<l),J,X[n\o) G 0P, X%i:T\^j{v) G Bk}. 

(Recall that Di C Aj is identified with D+ C A under pi (cf. (2.8)).) Wc apply the 
first assertion of Lemma 5.22 to B = Bk and *B = Ui>i{p*{4'\Ai) \ {4',3^, X[n]o) G 
Qpi} to conclude that the set {[x^(^)]>o | (0,3^) G 9lk} is finite. Then applying 
Lemma 5.21 to D- c A, we conclude that {(</>, 5F)|£)_ | (</>, 3^) G fHfc} is bounded, 
which implies that B^+i = {x§\^ (^) I (^^i ?") G 9ik} is finite. 

For any {(j), 9^, X[n]o) G 0p and 1 < i < n + 1, wc claim that Xj^'^j^ (v) G B^ for 
some A; < iV + 1. To show this, we consider the sequence of polynomials 

(5.32) xZ^{v),---,X^i::jv). 

By Lemma 5.23, for i G A^, X^f^. ('^) = X^i^^ for * = -^<^(^) G for some k, 

Xg^lc' ^ -^'=+1- ^^^'^'^ i^^<^ - ^' ^f^fo.^'^) ^ ^k=i^k- Since each 

is finite, the Sublemma follows. □ 

Sublemma 2. There is a constant M > so that for any {<p, J, X[n]o) G Op, then 

(1) for i G A^, we have x(^|a,(-A)) > 1; 

(2) x(:?|Ao(-I^n+i)) > -M. 

(3) for i = /^(fc) G A^, x(J|a,(-A)) > -M. 

Proo/. We first prove item (1). Let (</>, J,X[n]o) G Op and let i G A^. We let 
S G and 0' : p*V 3^' = ls*{'3^\s) be as the quotient sheaf constructed at 

the beginning of the this proof (of Proposition 5.15). By the construction of A^, we 
know that the restriction (to Aj) ((/)'|Ai5 -T'IaJ is Gm-invariant. By Lemma 3.18, 
X^'U.W-X^;|,_ (v)=0. Since 

X^/U. (^) - X^i,^ [v) Xl\,^ iv 1) and x^f^,^ (v) = x^|,^ (v) X^|„_ (v 1), 

the polynomial /(f) = Xg^|'^ {"v) — X^\j^ (^) then satisfies f(v) = f{v — 1), which 
makes it a constant equal to x(3^|Ai (— -Dj))- Since J\Ai is not Gm-invariant, by 
Lemma 3.18, x(3'|a«(-A)) > 1- 
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We now prove item (2). Suppose the lower bound does not exist. Then there is 
a sequence {(j)k,3^k,X[nk]o) e Op 

(5.33) x(^fc|Ao(--D„fe+i)) ^ -00, whenfc-)-+oo. 

But by (5.31) and Corollary 5.20, we know that {5'fe|Ao}fc>i is bounded; contradicts 
to (5.33). Thus item (2) holds. 

Suppose item (3) does not hold, then there is a sequence {4'k,3^k, X[nk]o) G Qp 
and a sequence 1 <ik <nk such that 

(5.34) x(3'fe|Ai^(-AJ) ^ -00, when A; ^+00. 

Using isomorphisms (5.30), we introduce = P*j.(5^fc|Ai^)- Tensoring with 

Oa(— -D_|_), we obtain a sequence of quotients <^fe : V(— D+) 3^k{—D+), where 
V = p%y\D, PA : A ^ £). By construction, x{3^k{—D+)) —oo. In particular 
x{3^k{—D+)) is bounded from above. 

We claim that the sot of polynomials {[x^^(_£i^)(^)]>o}fe>i is finite. Once this is 
proved, then applying Corollary 5.20 we conclude that {^k}k>i is bounded, which 
contradicts to x(5f'fe (—£)+)) — )■ — oo. 

We prove the claim. By Sublemma 1, there is a finite set B so that X^^i^,. {v) G 

B. Using isomorphism (5.30), we obtain i (^) € B. Applying the first asser- 
tion of Lemma 5.22, we conclude that {[x^^^ ('J^)]>o}/c>i is finite. Restricting to 
Lemma 5.21 implies that {xk , (v)}k>i is finite. The claim then follows from 

J" k I " 

[X^,(_z,^)(«)]>0 = [x^^{v)U - [X^,|,^(«)]>0- □ 

We now complete the proof of Proposition 5.15. Let {(l),3^,X[n]o) G Op. Since 

5" is normal to all _D, , 

(5.35) x(?) = x(?|a„(-A+i)) + x(3^|a,(-Di)) + • • • + x(9^|A„(-i)„)). 

For i € A^, we have x(9^|a,(-A)) > 1; for i G A0 U {0}, by Sublemma 2, we 
have x(3'|A,(-£'i)) > -M {Do = A+i)- Since < N, we obtain x{^) > 
{N + 1)(-M) + (n - #A0), which implies 

(5.36) n < x(3') + {N + 1)M + N. 
The identity (5.35) and Sublemma 2 also gives the bound, 

X(:?l A, (- A)) < X{3) + {N + 1)M + N, 0<i<n. 

Therefore, applying Lemma 5.21 and 5.22, we conclude that for each i, the set 
{3^\Ai I -^No) G Op} is bounded. This together with the bound (5.36) 

implies that Op is bounded. □ 

By a parallel argument, we have 

Proposition 5.24. The set Ouot^°|^^2j (k) is bounded. 

5.6. The moduli of stable pairs. We prove the boundedness of the moduli ^^/^ 
and Here P{v) is a degree one polynomial. 

Proposition 5.25. The set ^^^u-(k) and^^^f-y{k) are bounded. 
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Proof. We work with the case ^^^^{h). The other is the same. Let P{v) = av + b. 
Let {ip,J,X[n\o) e Vp^^^ik), let J, = JIa^ and Hi =p*H\Ai. Then each x^li^) = 
diV + hi has ai > 0, and 

(5.37) a = ao+aiH h a„. 

Let be the set of those fc > 1 so that y^*' [v) has positive degree. Then by 

(5.37) , ^ #A^ < a. Let A^ = {1, • • • , n} - A^. 

First, we show that for each % G A^, x(?'j(— Dj)) > 1. Let tpi : Oa^ be the 

restriction of <^ to A^. Since cokerc/j has zero dimensional support, xi^okeiif) > 0. 
Hence x{3'^{-D,)) > x(Im(^»(-A)). 

For lisKfii, we have the induced quotient homomorphism cp'^ : Oa^ — >■ Im</?j. 
Applying Lemma 3.18 to tp^, we get x(Ini'^i(~A)) > 0. Since is not Gm- 
invariant, either x(coker<^) > or x(i^Vi{^Di)) > 0- Thus x(3^i(— £'i)) > 1- 

Next, we let : {1, • • • ,n^} — > A,^ be the order-preserving isomorphism. We 
form 

Sfe = {x(9^i(-i?i)) I i^,3',X[n]o) € ^I/e(k), j = I^{k)}. 

(For fc = 0, we agree /^(O) = and Do = Dn+i-) Applying the same argument as 
in Sublemma 2 of the proof of Proposition 5.15 to (p')., we conclude that there is 
an M > so that for each k < a, inf{x G S^} > —M. (Note that by the bound 
#A<^ < a, Sfc = if fc > a.) 

Lastly, since If is normal to Di, we have 

(5.38) xm = x{M^D„+i)) + xi^ii-Di)) + ■■■ + x(3^„(-D„)). 
Repeating the argument following (5.35), we prove the boundedness of *P^^g.(k). □ 

5.7. Decomposition of the central fiber. In this subsection, we assume that Y 
is a disjoint union of two smooth components YL and y+. We introduce a canonical 
decomposition of the central fiber of the moduli stacks Ouot^^'^ and ^^/e ^^^^ ^• 
We shall focus on Quot^^^ and omit the details for ^P^/ir- 
Let 

be the central fiber of Ouof^'y^ over C. We denote €^ be the weighted stack of 
weights in A = Q[m] (polynomials in m) and of total weight P (c.f. Section 2.5). 
For each stable quotient (p: p*V 3^ vn 0uoij,y^(k), where 9^ is a sheaf on X[n]o, 
it assigns a weight w to Ar[n]o by assigning each irreducible Aj C X[n]o (resp. 
divisor Di C X[n]o) the polynomial xf^^ (resp. X^d, )" Si'^ce J is admissible, this 
rule applied to (</>, X) G £luot^^'^(S') defines a continuous weight assignment of the 
family X/S. In particular, the morphism Ouot^^'^ — > £ factors through 

(5.39) TTp : Ouot^^^ — y C^. 

We now form the set of splittings of P: Ap which is the set of triples 5 = {6± , So) 

in A so that S- + 5+ — 6o = P. We follow the notation developed in Subsection 2.5. 
For any S G Ap', we form the moduli of stable relative quotients on S± C 2}± over 
2lo: for any scheme S, we define Quoi^ '^ll^^{S) be the collection of (0; V), where 
(y, U) G ?)-(<?) and (p: p*V — > 5" is an S'-flat family of stable relative quotients on 



46 



JUN LI AND BAOSEN WU 



the pair T> C y such that for any closed s G S, = ^- and Xg^,|^ = <^o- We 
form Quot^^'^'^^ similarly. By Theorem 4.15, we have 

Proposition 5.26. The groupoids Quoi^_^^'^^ are Deligne-Mumford stacks, proper 
and separated, and of finite type. 

Using 5 S Ap', we form the stack cj' ^, according to the rule specified in Section 
2. We define 

It parameterizes stable quotients (f): p*V ^ J on X[n]o with a node- marking Dk C 
X[n]o so that the Hilbert polynomials of 5" restricted to Uj<feAj, to Ui>feAi and to 
Dk are 6-, S+ and So, respectively. 

For each 6 G Ap', like the case of stable morphisms, we have the gluing morphism 
that factors through l}uotl,t /„a (it originally maps to Quotl',^. Xc 0): 

(5.40) <^s : iinoi'^:%^ x ^^^^v, i2uot^+;%^ Q^o^t/stt ' 

where Quot^"'''" is the Grothendieck's Quot-scheme of quotient sheaves Vd = 
V\d £ with Xe{v) = (ho- 
using the collection of pairs of line bundles and sections {Ls,ss) for 5 G Ap' 
constructed in Proposition 2.19, and let irp be as in (5.39), we have 

Theorem 5.27. Let {Ls,ss) and the notation be as in Proposition 2.19. Then 

(1) '^asAj" '^P^* = Oouot^;,^' riieAjf' ^*P^s = TT*pn*t; 

(2) as closed substacks, Quot^t/o.t = {t^*pSs = 0); 

(3) The morphism in (5.40) is an isomorphism of Deligne-Mumford stacks. 

For the case of coherent systems, like Quot-schemes, the morphism — >■ € 
factors through 

(5.41) TTp : C^. 

For any 6 G Ap', we define the moduli of relative stable pairs on D± C 2)± over 

m^-'^" and <r\^+'^° 

They are again Deligne-Mumford stacks, proper and separated, and of finite type; 
and they both admit an evaluation morphism to the Hilbert scheme Hilb^ via 
restriction. 

Accordingly, for 6 G Ap', we define 

We have a glueing morphism 

Theorem 5.28. Let (Ls,ss) and the notation be as in Proposition 2.19. Then 

(1) ^5£A^' TTpL^ = Ospg^^, anrf riigA'/ = •"■p"'**/ 

(2) as closed substacks, . = (TTpS^ = 0); 

(3) T/ie morphism in (5-42) is an isomorphism of Deligne-Mumford stacks. 
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6. Virtual cycles and their degenerations 

Let TT ; X — >■ C and H ample on X be a simple degeneration of projective three- 
folds. We fix a degree one polynomial P{v). Applying Theorem 4.14, we form the 
good degeneration Of^/g := Quot^^^^ of Hilbert scheme of subschemes of X/C, of 
Hilbert polynomial P. 

In this section, we construct the virtual class of 3^/^, and use this class to prove 
a degeneration formula of the Donaldson- Thomas invariants of ideal sheaves. For 
notational simplicity, we only treat the case where the central fiber Xq is the union 
of two irreducible components and their intersection D C Xqis connected. Our con- 
struction of perfect relative obstruction theory of Of^yg. €^ is based on the work 
of Huybrechts- Thomas on Atiyah class [HTIO]; our proof of degeneration formula 
follows the proof of a similar degeneration formula by Maulik, Pandharipande and 
Thomas in [MPTIO]; the formulation of degeneration based on Chern characters 
follows the work of Maulik, Nekrasov, Okounkov and Pandharipande in [MNOP06]. 

As Xq is assumed to have two irreducible components, the normalization q : 
y — > has two connected components 

Y = Y_UY+, and D± =Y± n q-^{D). 

6.1. Virtual cycle of the total space. We first construct the relative obstruction 
theory of J^^g. (c.f. (2.28)). We let 

TT : X = 3i X£ Of^/g- — > Oz C Ox 

be the universal underlying family and the universal ideal sheaf of "3^/^- We form 
the traceless part of the derived homomorphism of sheaves of OA-modules: 

(6.1) E = RTr,RHom{Jz,Oz)Q[l]. 

Since X "^x/c ^'^ ^ family of l.c.i. schemes, and 3z is admissible and of rank one, 
by Serre duality, locally E is a two-term perfect complex concentrated at [0, 1]. 
Let 

LnP lifP = T~ ^ILqP /(TP 

be the truncated relative cotangent complex of 'J^/i!: ~^ 

Proposition 6.1 ([MPTIO, Prop 10]). The Atiyah class constructed in [HTIO] 

defines a perfect relative obstruction theory 



(6.2) ^:E^ ^L:,P^j^P. 

We let [3^/e;]^"^ S A^3^^^ be the associated virtual class. 

Proposition 6.2. Let c ^ € C, and let i'^ : — >• A,,-i3^^ be the Gysin 
map associate to the divisor c€ C. Then ^ci^f^/J™ = [^^cT"^- 

Proof. This is because the obstruction theory of 3^ is the pull back of the relative 
obstruction theory of J^^^ via c G C (c.f. [BF97]). □ 

Next we construct the virtual class of the relative Hilbert schemes. In the sub- 
sequent discussion, we use that y = y_ U 1+ is the union of Y_ and y+. We let 
5 = {{S+, 6o), {6-,6o)} be two pairs of polynomials. 
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We denote by "^^f^^^J'f^i^ the moduli of stable relative ideal sheaves on C 2)+ 
of pair Hilbert polynomial {5+,So)- For simplicity, we abbreviate it to M^. Let 
-^A<+/si«+'''o ^® truncated relative cotangent complex of = ^^^/'^^ — > 
Let 

n+:y+^3'^f;^^ and Oz^ C Oy^ 

be the universal underlying family and the universal ideal sheaf of 3'^^^°2j^ . 

Proposition 6.3 ([MPTIO]). The Atiyah class in [HTIO] defines a perfect relative 
obstruction theory 

(6.3) (/)+ : := Rn+^R'Hom{Jz+,^z+)om^ — > ^M^/mi+'^^o- 

The obstruction theory defines its virtual class P^^/'Jji G ^**'2)+/"i • 
replacing the subscript "+" with "— ", we obtain a parallel theory for All := 

6.2. Decomposition of the virtual cycle. We study the decomposition of the 

virtual cycles of the central fiber "3^^^^^ := "3^^^ Xq 0- 

We let Ap^ be the collection of triples S = {6-,S+,So) of polynomials in A so 
that (5+ — (5o = P. Following the notation developed in Section 5, the morphism 
'^x/€ ^ ^^^^^ ^'^ ""-P ■ ^x/€ ~^ ■ Fixing a splitting data 6 G Ap', we define the 
closed substack Of^J^cJ via the Cartesian diagram 



(6.4) 



We denote by {Ls,ss) the pair of the line bundle and the section for 5 E Ap' 
constructed in Proposition 2.19. Then = {ss = 0) C and by Theorem 5.27, 
3x1/ cl ~ ('^P^^ ~ define 

c'°''(L5,S5) : ^,3^/5. — > A-i^ij/gt 
be the localized first Chern class of {Ls, ss)- 

We define the perfect relative obstruction theory of ^i-t/gt £g by pulling 
back the relative obstruction theory (6.2) of 3^^^ €^ via the diagram (6.4): 

(6.5) 05 : := RTTs»R'Hom{3zs,^Zs)om^ — ^ -^a^'t t/c*-''' 
where 

t:s : Xs ^ and J^, C Ox^ 

is the universal family of 3^t/g;t, which is also the pull back of {X,3z) to ^ij/^t 
via the arrow in (6.4). 
Applying [BF97], we get 

(6.6) 4Pf/d™ = Pit/£j]™ = c'r(i*> s^)Pf/£]™- 



GOOD DEGENERATION OF QUOT-SCHEMES AND COHERENT SYSTEMS 49 

Proposition 6.4. Let ls ■ ^xj/cj ^ -^Xo/eo inclusion. We have an identity 

of cycle classes 

(6.7) ^oPl/£]™= E ^^*P4/ct]™- 

Proof. This follows from item (1) of Theorem 5.27 and the identity (6.6). □ 

To reinterpret the terms in the summation of (6.7), we will express them in terms 
of the virtual class of relative Hilbert schemes. For this, we will use the Cartesian 
product (keeping the abbreviation 0'^^/'^^ = M±) 

Mi Xjj.j|^.o M\. Mt X Mi 



(6.8) f[ 



(ev_ ,ev+) 



Hilb§ ) Hilb^ X Hilb§, 

where cv± are the evaluation morphisms and A is the diagonal morphism, and use 
the isomorphism (c.f. Theorem 5.27) 

(6.9) ^s:Mtx^^^s,Mi^3ii/^u 

Note that the relative obstruction theory of '3x1/ d ~^ '^o'' endows Mi Xjjiji^'o 
Mi — > €q'^ a perfect relative obstruction theory; also 

(6.10) MixMi^ 2lo-'^° X 2lo+'*° 

has a perfect relative obstruction theory induced from that of its factors. We will 
compare these two obstruction theories. 

We continue to denote by Xs — >■ ^ij/cj with 3s C O^s (rcsp. y± — )• M± with 
3± C Oy±) the universal family of O^ij/^t (resp. M^^). We let 

y± = y± ^ij/£+ and J± = J± Ooy^ Oy^ , 

where ^xl/cl ~^ is the composite of (cf. (6.9)) with the projection; we let 
Vg c Xs be the total space of the distinguished (marked) divisor (of Df^t/^t). We 
have the short exact sequence 

(6.11) ^ ^ J+ e 5- ^^-^^ Jo 0, 

where Jo := Ji5 (^Ox^ Oc^. Because of the admissible requirement, Jq is an ideal 
sheaf of Od^, and via the / in (6.8), we have isomorphism as ideal sheaves of Ous' 

(6.12) j^^j^^^ 

where Zd C D x Hilb'^ is the universal family of Hilb'^'. 

Let ns : Xs ^ ^± ■ y± ^ ^^J/cJ ^nd ttq : Vs ^ ^® 

corresponding projections. According to [MPTIO, p. 961], we have the following 
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commutative diagram of derived objects 

RTrs*R'Hom(3s,^s)o > ®_.+ ^7i'±*-R'Hom(J±, 3±)o > i?7ro*-R'Hom(3o, 3o)o, 

where the vertical arrows are the dual of the perfect obstruction theories, and the 
lower sequence is part of the distinguished triangle induced by (6.11). 
We claim that, under the morphism / in (6.8), 

(6.13) RTro^RHom{Oo, Jo)o — f*^A, -^a := -^Hiib^° /m\h^j° xm\b^° ' 

and via this isomorphism the last vertical arrow in the above diagram is identical 
to the canonical arrow 

Indeed, since Hilb^ is smooth, and the conormal bundle of Hilb'^" in Hilb'^" x Hilb^ 
via the diagonal A is isomorphism to the cotangent sheaf ^^jjjuj^o , we have La — 

Next, we let tth '■ D x Hilb^ Hilb^ be the projection. Then by the deforma- 
tion of ideal sheaves of smooth surfaces, the derived objects 

RTTH*RHom{3zn , ^zo)o = f^Hiib^" 
By the isomorphism (6.12), we have canonical isomorphism 

RTTo*RUom{%,\)o ^ f*RnH*Rnom{Ozo,^Zo)o- 
Combined, we have (6.13), and that the last vertical arrow is identical to the (6.14). 
Applying [BF97], we have 

Proposition 6.5. The perfect relative obstruction theories ofj^l/cl o-i^d of (6.10) 
are compatible with respect to the fiber diagram (6.8) (using (6.9)^. Consequently, 
we have the identity 

(6.15) i^k/^r = ^'{[Mir X [Miv"). 

We state the cycle version of the degeneration of Donaldson-Thomas invariants. 

Theorem 6.6. Let X/C be a simple degeneration of projective threefolds such that 
Xq = Y- L) y+ ^5 a union of two smooth irreducible components. Let P^/^Y" G 
■^*'^x/£ virtual class of the good degeneration, and let A be the diagonal 

morphism in (6.8). Then i[[3^/<tV" = i^xX" forc^Q&C, and 

(6.16) ioP?/<t]™= E ^■{[M'_r^[Mir)- 

Corollary 6.7. Let the situation be as in Theorem 6.6. Suppose Xc are Calabi-Yau 

threefolds for c ^ 0. Then 

(6.17) degp$J™= E deg{eY.4MtV" •eY+4Mir), 

5eA=p' 
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where ev± : = A^j_ — >■ Hilb^ is the restriction morphism, and • is the 

intersection pairing in A*Hilb^. 

Proof. The Theorem follows from Proposition 6.4 and 6.5. The Corollary follows 
from the Theorem and that deg icP^/J™ = deg ioP^/c]™. □ 

6.3. The degeneration formula. We prove Theorem 1.4 in the Introduction, 

whose formulation is due to [MNOP06]. 

Let the situation be as in Theorem 1.4 and 6.6. We define descendant invariants, 
following [MNOP06]. We continue to denote by 



TT -.X — > 3f /g, Tlx --X — > X, and C 



X 



be the universal family on '3^^^. Since locally 3z admits locally free resolutions of 
finite length, the Chern character 

ch{3z) : A^X — > A^X 

is well defined. 

For any 7 G H^{X,Z), we define 

(6.18) chfe+2(7) : fff ^(a^/e,Q) Hf^2k+2-i0^x/€M 

[}jBM ^YyQ Borel-Moore homology) via 

chfe+2(7)(e) = 7r,(chfc+2(a2) • 7r^(7) n 7r*(0), 

where tt* is the flat puUback. 

For cohomology classes 7j G H^^{X, Z) of pure degree Zi, we define 

;ri^fc.(7o)^ = [n(-i)'=-+^ch,,+2(70 • pi/^™]^ e Hi^{3 



X/£' 



where the term inside the bracket is a homology class of dimension 2 dim[Df£y|j.]^"' — 
Si=i (Sfcj — 2+Zi), and the [•]2 is taking the dimension two part of the term inside the 
bracket. This is the family version of the descendent Donaldson-Thomas invariants 

given in [MNOP06]: 



2—1 t—1 

Since P has degree one, we let P{v) = d - v-\-n. We form the partition function 
of descendent Donaldson-Thomas invariants of Xc 

'■=1 ^ raGZ i=l ° 



Accordingly, for the relative Hilbert schemes we define chfe_|_2(7) simi- 

larly, and 

rir..(7i))';' = ev±.(n(-l)'='+ich,.+2(7i) • PS,t%J™) e if*(HilbS,Q). 
i=i i=i 
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Let /3i, • • • )/3m be a basis of H*{D,Q). Let {Cn}\n\=k be a Nakajima basis of the 
cohomology of Hilb^, where r/ is a cohomology weighted partition w.r.t. /?,. The 
relative DT-invariants with descendent insertions [MNOP06] are 

j=l i=l 
which form a partition function 



(r ^ r 



2)± 



Theorem 6.8 (Theorem L4). Fix a basis /3i, • • • ,/?,„ of H*{D,Q). The degener- 
ation formula of Donaldson- Thomas invariants has the following form 



(_i)ki-;W3(^) 



d+;r} 
d=d--\-d+ 

■Zd.,r,iY_,D_;q\Ylfk,iji)] ■ Zd^,rj^ f y+, 1)+; g| ]J ffe. (7^) j , 

where r] are cohomology weighted partitions w.r.t. and 3(77) = Hi ^j|A-ut(?7)|. 

Proof. Since Gysin maps commute with proper pushforward and flat puUback, we 
have 

r p ^ P 

<ie&i{YlT'ki{li))^ = degio(j[fk,i-/i))^- 

i=l i=l 

/ \ P 

nP Ivir fTrP Ivir 



By i'ci'^^/trY" = Px^]^"', the left hand side term equals to deg ^^1=1 ^fe; (7i)y 
which is the Donaldson-Thomas invariants of Xc. 

For the other term, we will decompose it into relative invariants using (6.16). 
Applying the operation Yli^i{—i)'''^^chk-+2{'li) to both sides of (6.16), and using 
the restriction morphism ev± : Hilb^ , and 

U^M)^ = ev±.(n(-l)'-+'ch,.+2(7.) • Pg=//aj^'0 ^ H^BUh'SM, 

i=l * i=l 

we obtain 

(6.19) degiUnf,,(7.))^= E deg((riffe.(7i))'" •(11^^.(7*))'"). 

i=l 5gAspi i=i -J- i=i -J + 

Let - ,/3m be a basis of H*{D,Q), and let ry be a cohomology weighted 

partition with respect to /3i. Following the notation in [MNOP06, Nak99], we 
denote 

Cri = -ly . . . Ps^ [vs]-l&H* (Hilb^l , Q) 

with3(r7) = Y[- r7j|Aut(77)|. Then {C^}\r,\=k is the Nakajima basis of the cohomology 
of Hilb^, and the Kunneth decomposition of the diagonal class [A] e iI*(Hilb^ x 
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Hilb55,Q) takes the form 



[A]= E(-l)'"'^''3(r/)C,0C, 



Since 



is an element in if^^ (Hilb^ , Q) , applying to (6.19), we have 

r 

deg «o(n^'='('^*) 



nevi(c,).p5,-xr 



2)- 



deg (T[ fk, (7i 



2)4 



= ^ (-l)l''l-'^''^3Wdeg(nTfe,(7i) 

Finally, wc form the partition hmctions of these invariants. Notice that (5_ + 
i5+ — i5o = P, which accounts for the shift of the power of q. This proves Theorem 
6.8. □ 

6.4. Degeneration of stable pair invariants. We fix a simple degeneration tt : 

X — > C of projective thrccfolds with a 7r-amplc H on X\ wc suppose that — 
y_ U y+ is a union of two smooth irreducible components. For reference, we state 
the degeneration of PT- invariants, which is proved in [MPTIO]. 

Recall that the coherent systems wc considered are homomorphisms (p : Ox — 
3^ so that 5" is pure of dimension one and has finite cokernel. Let P be a degree 
one polynomial. Let ^x/e ^® good degeneration of the moduli of coherent 
systems constructed in this paper. It is a separated and proper Dclignc-Mumford 
stack of finite type over C. We use the relative obstruction theory of ^^/e ~^ 
introduced in [PT09] to construct its virtual class [^^/c]^"^- 

Let TT : A" — > ^^/^ and (p : Ox — > 3^ be the universal family of ^^/e^ ^^d 
let J* G D^{X) be the object corresponds to the complex [Ox 5] with Ox in 
degree 0. Wc denote by L^p j^p be the truncated relative cotangent complex 

of ^^^g. — >■ In [MPTIO, Prop 10], using the Atiyah classes a perfect relative 
obstruction theory is constructed: 

E"^ := Rn^RnomiO' ,3')o[l]'^ — ^ L^p^j^p. 

e be its associated virtual cycle. In the same paper, for any 

^ is 



■v<5±,<5o 



Let [^f/J"'- 

partition 6 = {S±,So), a perfect relative obstruction theory of ^^^/gi 
also constructed, which gives its virtual class [^^_j^/'^o 
Let c G C and ^x^/Cc ~ ^x/€ c- Let 



be the Gysin map. By Theorem 5.28, we can decompose Vxo/€o ^ union of 
^It/a-ti ^ ^ ^p'> 3'iid obtain the isomorphism (5.42). By going through the ar- 
gument parallel to the proof of degeneration formula for Hilbert schemes of ideal 



54 



JUN LI AND BAOSEN WU 



sheaves, Maulik, Pandharipande and Thomas proved in [MPTIO] the degeneration 
formula of FT stable pair invariants. 

Theorem 6.9 (Maulik, Pandharipande and Thomas). Let X/C be a simple degen- 
eration of projective threefolds such that Xq = Y_ U 1+ is a union of two smooth 
irreducible components. Then 

ii'^x/eV" = [^xj™ e A,^^^ forcj^OeC, 

and 

<56A=/ 

where A : Hilb^ — Hilb^ x Hilb^ is the diagonal morphism. 

Appendix A. Proof of Lemmas 3.13 and 3.14 

Proof of Lemma 3.13. First, because Mj ®a Mq is injective and its image 

lies in (Mq)/,), Mj — >■ (-Mo)/o is injective. We next show that it is surjective. 
Since Mj^a^o — >■ (-^0)70 is Gm-equivariant, it suffices to show that every weight 

£ clement in {Mq)j„ can be lifted to a weight £ element in Mj^aAq. Let v G (Mo)/^ 
be a weight £ element. Wc first lift w to a weight £ clement v ^ Rq; we write 

v = ao + ziai + . . . + zlap, 6 ^[22]®". 

Let 

K = ker{(^ : R — > M}, Kq = ker{<^ : -Ro — > Mq}. 

By the definition of {Mq)j„, there is a power zj^, fc > 0, so that z^v E Kq. Because 
M is k[i]-flat, tensoring the exact sequence O^K^R^M^O with Aq, we 
obtain an exact sequence ^ K (g)^ Aq ^ Rq ^ Mq — > 0. Therefore, 

K^aAo = Kq. 

We let w e if be a lift of z^v e Kq. We write w in the form 

w = Wo H hf^Wr, Wi e R' := B[zi, Z2]/{ziZ2)®"'. 

Since Mq only contains elements of non-negative weights, £ > 0. Thus w has weight 
£ + ka. Since a > 0, and since the weights of Wi are £ + ka — bi > ka, we have 
Wi = z^w[ for w[ G P' . For w'q, we can choose it to be = cko + • • • z{ap. We let 

w' = w'Q+tw[ + ... + fw'^. 

Then ip{w') G M is a lift of w G (Mo)/^. 

Wc claim ip{w') G M is annihilated by z^. This is true because Zi ■ ^p{w') = 
(p{z'^w') = (p{w) = 0, since w & K. We show that (p{w') is also annihilated by a 
power of Z2. Wc distinguish two cases. The first is when £ > 0. In this case, the 
weight of are £ — ib > i > 0, thus Hence Z2'fi{w') = (p{z2w') = 0. 

The other case is when £ = Q. In this case, we still have Z2w[ = for i > 0. We 
claim that for some h > 0, ^^(^(wq) = 0. We pick a Z2 so that Z2V G Kq, (this 
is possible since v G (Mo)/o), and then lift Z2V to a weight element w G K. We 
write 

w = wo + twi + . . . + t^Ws, u>i G R'. 
Then Wi^Q has positive weight in i?', thus are annihilated by Z2, and Z2W = Z2'W(). 
Therefore by replacing h hy h + 1, we can assume ■Wi>o = 0, and wq is expressed 
as an element in B[z2]®"^- 



GOOD DEGENERATION OF QUOT-SCHEMES AND COHERENT SYSTEMS 



55 



Since wo is a lift of = zl^ao, and since both are expressed as elements in 
j4[^;2]®"*, we have wo = Z2CtQ. Therefore, since w = wo & K, 

z^ifiw') = cp{z^w') = viz^w'o) = ifiz^ao) = ^(wo) = = 0. 

This proves that ip{w') lies in Mj and is a lift of u € (Mo)/^. This proves the 
lemma. □ 

Propf of Lemma 3.14- Let /3 e Cgen- Then there are x G K~ , t'^ and z^ € A such 
that 

x = t''z^l3 mod 

Since the modules involved are Gm-equivariant, we can assume that x has weight 
ah + bk. Thus after expressing x as 

X = t'^zlP + + z^'/?2, /3i,/32 e B[z,,t], 

and plus the weight consideration, we conclude /32 = t^~^^l32 for a G 
Therefore, zix = t'=(zi+^/3 + t/Jg) e K, where 03 e Since K C R, we 

conclude Zi+^/3 + t/33 e JC. In particular, z'l'^'^P G isTo and P e niJg . This 

proves Cgen C Cq. 

For the other direction, we let 7 G Cg. For the same reason, for a positive h 
and a weight ah, y e JT^, y = z^ji + z^'^^^f2, "ft G ^[21]®™. Since Z1Z2 = in i?, 
y G Kq. We let y G K he a. weight ah lifting of y, expressed in the form 

y = (zhi + zf+S2) + i/i + . . . + iVg, fi e i?'. 

Since y has weight ah, we conclude that /, = z^'^^fl, for some fl G 
Therefore, y = -Zi (7 + 2^173), for a 73 G B[zi,t]®^, and hence 

7 + ^173 G )(^i)ni?(-). 

This implies that 7 lies in (3.4), and thus lies in Cq. This proves the Lemma. □ 
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